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INNER AMENABILITY AND APPROXIMATION PROPERTIES OF LOCALLY
COMPACT QUANTUM GROUPS
JASON CRANN
Abstract. We introduce an appropriate notion of inner amenability for locally compact quantum
groups, study its basic properties, related notions, and examples arising from the bicrossed product
construction. We relate these notions to homological properties of the dual quantum group, which
allow us to generalize a well-known result of Lau–Paterson [46], resolve a recent conjecture of Ng–
Viselter [51], and prove that, for inner amenable quantum groups G, approximation properties of
the dual operator algebras can be averaged to approximation properties of G. Similar homological
techniques are used to prove that ℓ1(G) is not relatively operator biflat for any non-unimodular
discrete quantum group G; a unimodular discrete quantum group G with Kirchberg’s factorization
property is weakly amenable if and only if L1cb(Ĝ) is operator amenable, and amenability of a
locally compact quantum group G implies Cu(Ĝ) ∼= L
1(Ĝ)⊗̂
L1(Ĝ)C0(Ĝ) completely isometrically.
The latter result allows us to partially answer a conjecture of Voiculescu [67] when G has the
approximation property.
1. Introduction
The class of inner amenable locally compact groups has played an important role in the de-
velopment of abstract harmonic analysis and its connection to operator algebras [46, 48, 58]. In
particular, it provides a sufficiently general class of locally compact groups for which approximation
properties of G can be characterized through approximation properties of its reduced C∗-algebra
C∗λ(G) and von Neumann algebra V N(G). Indeed, within the class of inner amenable groups,
amenability of G is equivalent to nuclearity of C∗λ(G) as well as injectivity of V N(G) [46]; exact-
ness of G is equivalent to exactness of C∗λ(G) [1], and the Haagerup property of G is equivalent to
the Haagerup property of V N(G) [52].
In [33], a notion of inner amenability was introduced for an arbitrary locally compact quantum
group G by means of the existence of a state m ∈ L∞(G)∗ satisfying
(1) 〈m,x ⋆ f〉 = 〈m, f ⋆ x〉, f ∈ L1(G), x ∈ L∞(G).
Although such a condition may be interesting in its own right, if G is co-amenable, then any cluster
point in L∞(G)∗ of a bounded approximate identity in L1(G) will give rise to such a state. In
particular, any locally compact group is an “inner amenable” locally compact quantum group in
the sense of [33].
In this paper we introduce a bona fide generalization of inner amenability to locally compact
quantum groups. We study its basic properties, examples, and related notions of strong and
topological inner amenability. Generalizing a well-known result of Lau–Paterson [46], we show that
G is amenable if and only if L∞(Ĝ) is injective and G is inner amenable. We also derive sufficient
conditions under which the bicrossed product of a matched pair of locally compact groups is inner
amenable.
We pursue homological manifestations of this concept in section 4, showing that inner amenability
of G entails the relative 1-flatness of L1(Ĝ). As an application of our techniques, we prove that
G is co-amenable if and only if C0(G) is nuclear and Ĝ is topologically inner amenable. This
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resolves a recent conjecture of Ng–Viselter [51], and generalizes a recent result of Ng [50] from
locally compact groups to arbitrary Kac algebras, wherein G is co-amenable if and only if C0(G)
is nuclear and has a tracial state. The method of proof shows that it is inner amenability, as
opposed to discreteness, that underlies the original averaging technique of Haagerup. Indeed, we
show that for strongly inner amenable quantum groups, weak amenability and the approximation
property follow respectively from the w*CBAP and w*OAP of L∞(Ĝ). In particular, for inner
amenable locally compact groups G, the w*CBAP of V N(G) implies weak amenability of G and
the approximation property is equivalent to the w*OAP of V N(G). Similar results are proved in the
setting of topological inner amenability and approximation properties of C0(Ĝ). These techniques
may be viewed as new tools for the development of harmonic analysis on quantum groups beyond
the unimodular discrete setting (for which the above results greatly simplify).
In section 5 we establish the self-duality of (non-relative) 1-biflatness, that is, L1(G) is 1-biflat
if and only if L1(Ĝ) is 1-biflat. This shows, in particular, that ℓ1(G) is not relatively 1-biflat for
any non-unimodular discrete quantum group G. Section 6 is devoted to the question of operator
amenability of L1cb(G), the cb-multiplier closure of L
1(G). For unimodular discrete quantum groups
G with Kirchberg’s factorization property, we show that G is weakly amenable if and only if L1cb(Ĝ)
is operator amenable. This result is new even for the class of weakly amenable residually finite
discrete groups such that C∗(G) is not residually finite-dimensional (see [6]).
We finish in section 7 with a strengthening of [14, Proposition 5.10], by showing that Cu(G)
∗ ∼=
M lcb(L
1(G)) completely isometrically and weak*-weak* homeomorphically when Ĝ is amenable. As
a corollary, when Ĝ has the approximation property, we prove that G is co-amenable if and only if
Ĝ is amenable.
2. Preliminaries
2.1. Operator Modules. Let A be a completely contractive Banach algebra. We say that an
operator space X is a right operator A-module if it is a right Banach A-module such that the
module map mX : X⊗̂A → X is completely contractive, where ⊗̂ denotes the operator space
projective tensor product. We say that X is faithful if for every non-zero x ∈ X, there is a ∈ A
such that x · a 6= 0, and we say that X is essential if 〈X · A〉 = X, where 〈·〉 denotes the closed
linear span. Note that our definition of faithfulness, the standard notion in operator modules, is
opposite in nature to the usual definition in algebra. We denote by modA the category of right
operator A-modules with morphisms given by completely bounded module homomorphisms. Left
operator A-modules and operator A-bimodules are defined similarly, and we denote the respective
categories by Amod and AmodA. Regarding terminology, in what follows we will often omit the
term “operator” when discussing homological properties of operator modules as we will be working
exclusively in the operator space category.
Let A be a completely contractive Banach algebra, X ∈modA and Y ∈ Amod. The A-module
tensor product of X and Y is the quotient space X⊗̂AY := X⊗̂Y/N , where
N = 〈x · a⊗ y − x⊗ a · y | x ∈ X, y ∈ Y, a ∈ A〉,
and, again, 〈·〉 denotes the closed linear span. It follows that (see [9, Corollary 3.5.10])
CBA(X,Y ∗) ∼= N⊥ ∼= (X⊗̂AY )∗,
where CBA(X,Y ∗) is the space of completely bounded right A-module maps Φ : X → Y ∗. If
Y = A, then clearly N ⊆ Ker(mX) where mX : X⊗̂A → X is the module map. If the induced
mapping m˜X : X⊗̂AA → X is a completely isometric isomorphism we say that X is an induced
A-module. A similar definition applies for left modules. In particular, we say that A is self-induced
if m˜A : A⊗̂AA ∼= A completely isometrically.
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Let A be a completely contractive Banach algebra and X ∈ modA. The identification A+ =
A⊕1C turns the unitization of A into a unital completely contractive Banach algebra, and it follows
that X becomes a right operator A+-module via the extended action
x · (a+ λe) = x · a+ λx, a ∈ A+, λ ∈ C, x ∈ X.
Let C ≥ 1. Then X is relatively C-projective if there exists a morphism Φ+ : X → X⊗̂A+ which
is a right inverse to the extended module map m+X : X⊗̂A+ → X such that ‖Φ+‖cb ≤ C. When X
is essential, then X is relatively C-projective if and only if there exists a morphism Φ : X → X⊗̂A
satisfying ‖Φ‖cb ≤ C and mX ◦Φ = idX by the operator analogue of [17, Proposition 1.2]. We say
that X is C-projective if for every Y,Z ∈ modA, every complete quotient morphism Ψ : Y ։ Z,
every morphism Φ : X → Z, and every ε > 0, there exists a morphism Φ˜ε : X → Y such that
‖Φ˜ε‖cb < C‖Φ‖cb + ε and Ψ ◦ Φ˜ε = Φ, i.e., the following diagram commutes:
Y
X Z
Ψ
Φ˜ε
Φ
Given a completely contractive Banach algebra A and X ∈ modA, there is a canonical com-
pletely contractive morphism ∆+ : X → CB(A+,X) given by
∆+(x)(a) = x · a, x ∈ X, a ∈ A+,
where the right A-module structure on CB(A+,X) is defined by
(Ψ · a)(b) = Ψ(ab), a ∈ A, Ψ ∈ CB(A+,X), b ∈ A+.
An analogous construction exists for objects in Amod. Let C ≥ 1. Then X is relatively C-injective
if there exists a morphism Φ+ : CB(A+,X)→ X such that Φ+ ◦∆+ = idX and ‖Φ+‖cb ≤ C. When
X is faithful, then X is relatively C-injective if and only if there exists a morphism Φ : CB(A,X)→
X such that Φ ◦∆ = idX and ‖Φ‖cb ≤ C by the operator analogue of [17, Proposition 1.7], where
∆(x)(a) := ∆+(x)(a) for x ∈ X and a ∈ A. We say that X is C-injective if for every Y,Z ∈modA,
every completely isometric morphism Ψ : Y →֒ Z, and every morphism Φ : Y → X, there exists
a morphism Φ˜ : Z → X such that ‖Φ˜‖cb ≤ C‖Φ‖cb and Φ˜ ◦ Ψ = Φ, that is, the following diagram
commutes:
Z
Y X
Φ˜
Ψ
Φ
There is a natural categorical equivalence between AmodA and modAop⊗̂A given by
axb = x · (a⊗ b), a, b ∈ A, x ∈ X, X ∈ AmodA.
With this identification, we obtain the following bimodule analogue of [14, Proposition 2.3].
Proposition 2.1. Let A be a completely contractive Banach algebra and X ∈ AmodA. If X is
C1-injective in mod − C and is relatively C2-injective in AmodA, then X is C1C2-injective in
AmodA.
2.2. Locally Compact Quantum Groups. A locally compact quantum group is a quadruple
G = (L∞(G),Γ, ϕ, ψ), where L∞(G) is a Hopf-von Neumann algebra with co-multiplication Γ :
L∞(G) → L∞(G)⊗L∞(G), and ϕ and ψ are fixed left and right Haar weights on L∞(G), re-
spectively [43, 44]. For every locally compact quantum group G, there exists a left fundamen-
tal unitary operator W on L2(G, ϕ) ⊗ L2(G, ϕ) and a right fundamental unitary operator V on
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L2(G, ψ) ⊗ L2(G, ψ) implementing the co-multiplication Γ via
Γ(x) =W ∗(1⊗ x)W = V (x⊗ 1)V ∗, x ∈ L∞(G).
Both unitaries satisfy the pentagonal relation; that is,
W12W13W23 =W23W12 and V12V13V23 = V23V12.
By [44, Proposition 2.11], we may identify L2(G, ϕ) and L2(G, ψ), so we will simply use L2(G) for
this Hilbert space throughout the paper. We denote by R the unitary antipode of G.
Let L1(G) denote the predual of L∞(G). Then the pre-adjoint of Γ induces an associative
completely contractive multiplication on L1(G), defined by
⋆ : L1(G)⊗̂L1(G) ∋ f ⊗ g 7→ f ⋆ g = Γ∗(f ⊗ g) ∈ L1(G).
The multiplication ⋆ is a complete quotient map from L1(G)⊗̂L1(G) onto L1(G), implying
〈L1(G) ⋆ L1(G)〉 = L1(G).
Moreover, L1(G) is always self-induced. The proof follows from [63, Theorem 2.7] (see [14, Propo-
sition 3.1] for details). The canonical L1(G)-bimodule structure on L∞(G) is given by
f ⋆ x = (id⊗ f)Γ(x) x ⋆ f = (f ⊗ id)Γ(x), x ∈ L∞(G), f ∈ L1(G).
A left invariant mean on L∞(G) is a state m ∈ L∞(G)∗ satisfying
〈m,x ⋆ f〉 = 〈f, 1〉〈m,x〉, x ∈ L∞(G), f ∈ L1(G).
Right and two-sided invariant means are defined similarly. A locally compact quantum group G is
said to be amenable if there exists a left invariant mean on L∞(G). It is known that G is amenable
if and only if there exists a right (equivalently, two-sided) invariant mean (cf. [26, Proposition
3]). We say that G is co-amenable if L1(G) has a bounded left (equivalently, right or two-sided)
approximate identity (cf. [5, Theorem 3.1]).
The left regular representation λ : L1(G)→ B(L2(G)) of G is defined by
λ(f) = (f ⊗ id)(W ), f ∈ L1(G),
and is an injective, completely contractive homomorphism from L1(G) into B(L2(G)). Then
L∞(Ĝ) := {λ(f) : f ∈ L1(G)}′′ is the von Neumann algebra associated with the dual quan-
tum group Ĝ. Analogously, we have the right regular representation ρ : L1(G)→ B(L2(G)) defined
by
ρ(f) = (id ⊗ f)(V ), f ∈ L1(G),
which is also an injective, completely contractive homomorphism from L1(G) into B(L2(G)). Then
L∞(Ĝ′) := {ρ(f) : f ∈ L1(G)}′′ is the von Neumann algebra associated to the quantum group
Ĝ′. It follows that L∞(Ĝ′) = L∞(Ĝ)′, and the left and right fundamental unitaries satisfy W ∈
L∞(G)⊗L∞(Ĝ) and V ∈ L∞(Ĝ′)⊗L∞(G) [44, Proposition 2.15]. Moreover, dual quantum groups
always satisfy L∞(G) ∩ L∞(Ĝ) = L∞(G) ∩ L∞(Ĝ′) = C1 [66, Proposition 3.4]. The modular
conjugations of the dual Haar weights give rise to conjugate linear isometries J, Ĵ : L2(G)→ L2(G)
satisfying
JL∞(G)J = L∞(G)′ and ĴL∞(Ĝ)Ĵ = L∞(Ĝ′).
Moreover, the unitary U := ĴJ intertwines the left and right regular representations via ρ(f) =
Uλ(f)U∗, f ∈ L1(G). At the level of the fundamental unitaries, this relation becomes
(2) V = σ(1⊗ U)W (1⊗ U∗)σ.
We also record the adjoint formulas (Ĵ ⊗ J)W (Ĵ ⊗ J) =W ∗ and (J ⊗ Ĵ)V (J ⊗ Ĵ) = V ∗.
If G is a locally compact group, we let Ga = (L
∞(G),Γa, ϕa, ψa) denote the commutative
quantum group associated with the commutative von Neumann algebra L∞(G), where the co-
multiplication is given by Γa(f)(s, t) = f(st), and ϕa and ψa are integration with respect to a
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left and right Haar measure, respectively. The dual Ĝa of Ga is the co-commutative quantum
group Gs = (V N(G),Γs, ϕs, ψs), where V N(G) is the left group von Neumann algebra with co-
multiplication Γs(λ(t)) = λ(t)⊗λ(t), and ϕs = ψs is Haagerup’s Plancherel weight (cf. [62, §VII.3]).
Then L1(Ga) is the usual group convolution algebra L
1(G), and L1(Gs) is the Fourier algebra A(G).
It is known that every commutative locally compact quantum group is of the form Ga [60, Theorem
2]. Therefore, every commutative locally compact quantum group is co-amenable, and is amenable
if and only if the underlying locally compact group is amenable. By duality, every co-commutative
locally compact quantum group is of the form Gs, which is always amenable, and is co-amenable if
and only if the underlying locally compact group is amenable, by Leptin’s theorem [47].
For a locally compact quantum group G, we let C0(G) := λˆ(L1(Ĝ))
‖·‖
denote the reduced quantum
group C∗-algebra of G. We say that G is compact if C0(G) is a unital C
∗-algebra, in which
case we denote C0(G) by C(G). We say that G is discrete if L
1(G) is unital, in which case we
denote L1(G) by ℓ1(G). It is well-known that G is compact if and only if Ĝ is discrete, and in
that case, ℓ1(Ĝ) ∼= ⊕1{Tnα(C) | α ∈ Irr(G)}, where Tnα(C) is the space of nα × nα trace class
operators, and Irr(G) denotes the set of (equivalence classes of) irreducible co-representations of the
compact quantum group G [68]. For general G, the operator dual M(G) := C0(G)
∗ is a completely
contractive Banach algebra containing L1(G) as a norm closed two-sided ideal via the map L1(G) ∋
f 7→ f |C0(G) ∈ M(G). The co-multiplication satisfies Γ(C0(G)) ⊆ M(C0(G) ⊗min C0(G)), where
M(C0(G)⊗min C0(G)) is the multiplier algebra of the C∗-algebra C0(G)⊗min C0(G).
We let Cu(G) be the universal quantum group C
∗-algebra of G, and denote the canonical sur-
jective *-homomorphism onto C0(G) by πG : Cu(G)→ C0(G) [42]. The space Cu(G)∗ then has the
structure of a unital completely contractive Banach algebra such that the map L1(G) → Cu(G)∗
given by the composition of the inclusion L1(G) ⊆M(G) and π∗G :M(G)→ Cu(G)∗ is a completely
isometric homomorphism, and it follows that L1(G) is a norm closed two-sided ideal in Cu(G)
∗ [42,
Proposition 8.3].
An element bˆ ∈ L∞(Ĝ) is said to be a completely bounded left multiplier of L1(G) if bˆλ(f) ∈
λ(L1(G)) for all f ∈ L1(G) and the induced map
ml
bˆ
: L1(G) ∋ f 7→ λ−1(bˆλ(f)) ∈ L1(G)
is completely bounded on L1(G). We let M lcb(L
1(G)) denote the space of all completely bounded
left multipliers of L1(G), which is a completely contractive Banach algebra with respect to the
norm
‖[bˆij ]‖Mn(M lcb(L1(G))) = ‖[m
l
bˆij
]‖cb.
Completely bounded right multipliers are defined analogously and we denote by M rcb(L
1(G)) the
corresponding completely contractive Banach algebra. There is a canonical, injective completely
contractive homomorphism λ˜ : Cu(G)
∗ → M lcb(L1(G)), extending λ, which maps µ ∈ Cu(G)∗ to
the operator of left multiplication by µ on L1(G). In general, given bˆ ∈ M lcb(L1(G)), the adjoint
Θl(bˆ) := (ml
bˆ
)∗ defines a normal completely bounded left L1(G)-module map on L∞(G), and by
[37, Proposition 4.2] have the completely isometric identification
Θl :M lcb(L
1(G)) ∼= L1(G)CBσ(L∞(G)).
Moreover, it follows from [37, Proposition 4.1] that L1(G)CBσ(L∞(G)) =L1(G) CB(C0(G), L∞(G)).
It is known thatM lcb(L
1(G)) is a dual operator space [35, Theorem 3.5], with predual Qlcb(L
1(G)).
By the general result [34, Lemma 1.6], it follows from [41, Theorem 3.3] that for arbitrary locally
compact quantum groups
Qlcb(L
1(G)) = {ΩA,ρ | A ∈ C0(G)⊗min K(ℓ2), ρ ∈ L1(G)⊗̂T (ℓ2)},
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where 〈bˆ,ΩA,ρ〉 = 〈(Θl(bˆ) ⊗ idK∞)(A), ρ〉, bˆ ∈ M lcb(L1(G)). We say that G is weakly amenable if
there exists an approximate identity (fˆi) in L
1(Ĝ) which is bounded in M lcb(L
1(Ĝ)). The infimum
of bounds for such approximate identities is the Cowling–Haagerup constant of G, and is denoted
Λcb(G). We say that G has the approximation property if there exists a net (fˆi) in L
1(Ĝ) such that
Θ̂l(λˆ(fˆi)) converges to idL∞(Ĝ) in the stable point-weak* topology.
Let G be a locally compact quantum group. The right fundamental unitary V of G induces a
co-associative co-multiplication
Γr : B(L2(G)) ∋ T 7→ V (T ⊗ 1)V ∗ ∈ B(L2(G))⊗B(L2(G)),
and the restriction of Γr to L∞(G) yields the original co-multiplication Γ on L∞(G). The pre-
adjoint of Γr induces an associative completely contractive multiplication on the space of trace
class operators T (L2(G)), defined by
⊲ : T (L2(G))⊗̂T (L2(G)) ∋ ω ⊗ τ 7→ ω ⊲ τ = Γr∗(ω ⊗ τ) ∈ T (L2(G)).
Analogously, the left fundamental unitary W of G induces a co-associative co-multiplication
Γl : B(L2(G)) ∋ T 7→W ∗(1⊗ T )W ∈ B(L2(G))⊗B(L2(G)),
and the restriction of Γl to L∞(G) is also equal to Γ. The pre-adjoint of Γl induces another
associative completely contractive multiplication
⊳ : T (L2(G))⊗̂T (L2(G)) ∋ ω ⊗ τ 7→ ω ⊳ τ = Γl∗(ω ⊗ τ) ∈ T (L2(G)).
The algebra B(L2(G)) inherits a canonical T (L2(G))-bimodule structure with respect to both the
left ⊳ and right ⊲ products.
It was shown in [35, Lemma 5.2] that the pre-annihilator L∞(G)⊥ of L
∞(G) in T (L2(G)) is a
norm closed two sided ideal in (T (L2(G)),⊲) and (T (L2(G)),⊳), respectively, and the complete
quotient map
π : T (L2(G)) ∋ ω 7→ f = ω|L∞(G) ∈ L1(G)
is an algebra homomorphism from T⊲ := (T (L2(G)),⊲), respectively, T⊳ := (T (L2(G)),⊳), onto
L1(G). It follows that the right ⊳-module and left ⊲-module structures degenerate to an L1(G)-
bimodule structure on B(L2(G)):
f ⊲ T = (id⊗ f)Γr(T ), T ⊳ f = (f ⊗ id)Γl(T ), f ∈ L1(G), T ∈ B(L2(G)).
By [44, Proposition 2.1] the unitary antipode R satisfies R(x) = Ĵx∗Ĵ , for x ∈ L∞(G). It
therefore extends to a *-anti-automorphism (still denoted) R : B(L2(G))→ B(L2(G)), via R(T ) =
ĴT ∗Ĵ , T ∈ B(L2(G)). The extended antipode maps L∞(G) and L∞(Ĝ) onto L∞(G) and L∞(Ĝ′),
respectively, and satisfies the generalized antipode relations; that is,
(3) (R⊗R) ◦ Γr = Σ ◦ Γl ◦R and (R⊗R) ◦ Γl = Σ ◦ Γr ◦R,
where Σ is the flip map on B(L2(G))⊗B(L2(G)).
Let G and H be two locally compact quantum groups. Then H is said to be a closed quantum
subgroup of G in the sense of Vaes if there exists a normal, unital, injective *-homomorphism
γ : L∞(Ĥ) → L∞(Ĝ) satisfying (γ ⊗ γ) ◦ Γ
Ĥ
= Γ
Ĝ
◦ γ. This is not the original definition of Vaes
[64, Definition 2.5], but was shown to be equivalent in [24, Theorem 3.3].
3. Inner Amenability
Given a locally compact quantum group G the composition WσV σ ∈ L∞(G)⊗B(L2(G)) defines
a unitary co-representation of G called the conjugation co-representation, where σ is the flip map
on L2(G)⊗ L2(G). When G = Ga for some locally compact group G, it follows that
WσV σξ(s, t) = ξ(s, s−1ts)∆(s)1/2, ξ ∈ L2(G×G), s, t ∈ G.
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Thus, WσV σ is the unitary generator of the conjugation representation β2 : G→ B(L2(G)), where
β2(s)ξ(t) = λ(s)ρ(s)ξ(t) = ξ(s
−1ts)∆(s)1/2.
Following Paterson [53, 2.35.H], we say that a locally compact group G is inner amenable if there
exists a state m ∈ L∞(G)∗ satisfying
(4) 〈m,β∞(s)f〉 = 〈m, f〉 s ∈ G, f ∈ L∞(G),
where β∞(s)f(t) = f(s
−1ts), s, t ∈ G, f ∈ L∞(G), is the conjugation action on L∞(G).
Remark 3.1. In [27], Effros defined a discrete group G to be “inner amenable” if there exists a
conjugation invariant mean m ∈ ℓ∞(G)∗ such that m 6= δe. In what follows, inner amenability will
always refer to the definition (4) given above. In particular, every discrete group is inner amenable.
Definition 3.2. Let G be a locally compact quantum group. We say that
(i) G is strongly inner amenable (see [52]) if there exists a net (ξi) of unit vectors such that
‖WσV σ(η ⊗ ξi)− η ⊗ ξi‖ → 0, η ∈ L2(G).
(ii) G is inner amenable if there exists a state m ∈ L∞(Ĝ)∗ satisfying
〈m, xˆ⊳ f〉 = 〈f, 1〉〈m, xˆ〉, f ∈ L1(G), xˆ ∈ L∞(Ĝ).
Such a state is said to be inner invariant.
(iii) G is topologically inner amenable if there exists a state m ∈ C0(Ĝ)∗ such that
〈m, xˆ⊳ f〉 = 〈f, 1〉〈m, xˆ〉, f ∈ L1(G), xˆ ∈ C0(Ĝ).
Such a state is said to be topologically inner invariant.
Examples 3.3. The following known examples are worth mentioning.
(i) Any co-commutative quantum group Gs is trivially strongly inner amenable, as Vs = Wa
so that WsσVsσ =WsW
∗
s = 1.
(ii) Any unimodular discrete quantum group is strongly inner amenable; the unit vector ξ :=
Λϕ(1) being conjugation invariant, where ϕ is the Haar trace on the compact dual.
(iii) It was shown in [51] that if G has trivial scaling group, and C0(Ĝ) possesses a tracial state,
then G is topologically inner amenable.
Further examples, including the bicrossed product construction will be studied below.
The following proposition is standard. We include the proof for completeness.
Proposition 3.4. Let G be a locally compact quantum group. If G is strongly inner amenability
then it is inner amenable.
Proof. Let (ξi) be a net of unit vectors asymptotically invariant under the conjugation co-representation
WσV σ. Passing to a subnet, we may assume that (ωJξi |L∞(Ĝ)) converges weak* to a state
m ∈ L∞(Ĝ)∗. For any f = ωξ,η ∈ L1(G) and xˆ ∈ L∞(Ĝ), using strong inner amenability to-
gether with the adjoint relations
(Ĵ ⊗ J)W (Ĵ ⊗ J) =W ∗, (Ĵ ⊗ J)σV σ(Ĵ ⊗ J) = σV ∗σ,
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we have
〈m, xˆ⊳ f〉 = lim
i
〈ωJξi , xˆ⊳ f〉
= lim
i
〈W ∗(1⊗ xˆ)W (ξ ⊗ Jξi), η ⊗ Jξi〉
= lim
i
〈(1⊗ xˆ)W (ξ ⊗ Jξi),W (η ⊗ Jξi)〉
= lim
i
〈(1⊗ xˆ)(Ĵ ⊗ J)W ∗(Ĵξ ⊗ ξi), (Ĵ ⊗ J)W ∗(Ĵη ⊗ ξi)〉
= lim
i
〈(1⊗ xˆ)(Ĵ ⊗ J)σV σ(Ĵξ ⊗ ξi), (Ĵ ⊗ J)σV σ(Ĵη ⊗ ξi)〉
= lim
i
〈(1⊗ xˆ)σV ∗σ(ξ ⊗ Jξi), σV ∗σ(η ⊗ Jξi)〉
= 〈m, xˆ〉〈f, 1〉.

In the commutative case, the converse of Proposition 3.4 holds.
Proposition 3.5. A commutative quantum group Ga is strongly inner amenable if and only if it
is inner amenable if and only if its underlying group G is inner amenable.
Proof. If Ga is strongly inner amenable then it is inner amenable. Let m ∈ V N(G)∗ satisfy
〈m,x〉 = 〈m,x⊳ f〉 for all x ∈ V N(G) and all states f ∈ L1(G). Then for t ∈ G
λ(t)xλ(t)∗ ⊳ f =
∫
G
λ(s−1t)xλ(t−1s)f(s)ds =
∫
G
λ(r)∗xλ(r)f(tr)dr = x⊳ ft,
so that
〈m,λ(t)xλ(t)∗〉 = 〈m,λ(t)xλ(t)∗ ⊳ f〉 = 〈m,x⊳ ft〉 = 〈m,x〉
for all x ∈ V N(G), t ∈ G and states f ∈ L1(G). Thus, G is inner amenable by [16, Proposition
3.2].
Conversely, if G is inner amenable then there exists a net of unit vectors (ξi) in L
2(G) satisfying
‖λ(s)ξi − ρ(s)∗ξi‖L2(G) → 0
uniformly on compact subsets of G. For any η ∈ Cc(G) we then have
〈WσV σ(η ⊗ ξi), η ⊗ ξi〉 =
∫∫
ξi(ts)ξi(st)∆(s)
1/2|η(s)|2 ds dt→ 1.
It follows that (ξi) is strongly inner invariant. 
Definition 3.2 (ii) is therefore a bona fide generalization of inner amenability to quantum groups,
contrary to the definition proposed in [33]. Curiously, if one “lifts” the relation (1) proposed in [33]
to the level of B(L2(G)), via
〈m, f ⊲ T 〉 = 〈m,T ⊳ f〉, f ∈ L1(G), T ∈ B(L2(G)),
then a similar argument as in Proposition 3.5 shows that one obtains a proper generalization of
inner amenability. For details, see [13, §5].
Proposition 3.6. A commutative quantum group Ga is topologically inner amenable if and only
if C∗λ(G) possesses a tracial state if and only if the amenable radical of G is open.
Proof. The existence of a tracial state on C∗λ(G) was recently investigated by Forrest–Spronk–
Wiersma [30], and Kennedy–Raum [40], where it was shown to be equivalent to the openness of
the amenable radical of G, that is, the largest amenable normal subgroup.
By [51, Proposition 3.3] Ga is topologically inner amenable if C
∗
λ(G) has a tracial state. Con-
versely, if m is an inner invariant state on C∗λ(G), it follows as in the proof of Proposition 3.5 that
m is G-invariant under the canonical conjugation action. Viewing m as a positive definite function
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in Bλ(G), it follows that m(s) = m(tst
−1), s, t ∈ G. A simple integral calculation then shows that
m is a tracial state on C∗λ(G). 
Remark 3.7. At first glance one might think that inner amenability implies topological inner
amenability via the restriction of an inner invariant state m on L∞(Ĝ) to C0(Ĝ). This is not the
case however. In [59] Suzuki provided elementary constructions of non-discrete C∗-simple groups
of the form G =
⊕
n∈N Γn ⋊
∏
n∈N Fn where Fn is a finite group acting on the discrete group Γn
for which C∗λ(Γn ⋊ Fn) admits a unique tracial state. In [30, Remark 2.5, Remark 2.6 (i)], it was
shown that each compactly generated open subgroup H of G is IN (meaning H has a compact
conjugation invariant neighbourhood of the identity), and that one may build a resulting net of
normalized characteristic functions whose vector functionals cluster to an inner invariant state on
V N(G). Thus, G is inner amenable. However, in [30, Remark 2.5], the authors also show that
the continuous function m in Bλ(G) associated to a tracial state on C
∗
λ(G) must be discontinuous.
Whence, there is no tracial state on C∗λ(G) and G is not topologically inner amenable by Proposition
3.6. Therefore, there are “continuity restrictions” which forbid the restriction of an inner invariant
state on V N(G) to a tracial state on C∗λ(G).
In the other direction, in general it is not possible to lift a tracial state on C∗λ(G) to an inner
invariant mean on V N(G). In [30, Remark 2.6 (ii)] it is shown that R2 ⋊ F6 is topologically inner
amenable but not inner amenable, where F6 is viewed as a closed subgroup of SL(2,R).
Proposition 3.8. Let G be a locally compact quantum group. If Ĝ is co-amenable then G is
strongly inner amenable. If G is amenable then it is inner amenable.
Proof. If Ĝ is co-amenable, let E ∈ L∞(Ĝ)∗ be a co-unit and approximate E in the weak* topology
by vector states ωξi with Ĵξi = ξi (since L
∞(Ĝ) y L2(G) is standard). Then 1 = (id ⊗ E)(W ) =
limi(id ⊗ ωξi)(W ) strongly, from which it follows that
‖W (η ⊗ ξi)− (η ⊗ ξi)‖ → 0, η ∈ L2(G).
Since σV σ = (Ĵ ⊗ Ĵ)W ∗(Ĵ ⊗ Ĵ), and Ĵξi = ξi, we also have
‖σV σ(η ⊗ ξi)− (η ⊗ ξi)‖ → 0, η ∈ L2(G).
Whence, G is strongly inner amenable.
Now, suppose G is amenable and let m ∈ L∞(G)∗ be a two-sided invariant mean. We will show
a stronger statement by providing a state M ∈ B(L2(G))∗ such that
〈M,ρ⊲ T 〉 = 〈M,T ⊳ ρ〉, T ∈ B(L2(G)), ρ ∈ T (L2(G)),
upon which restriction to L∞(Ĝ) is the desired state. Letting m also denote its restriction to
LUC(G) := 〈L∞(G) ⋆ L1(G)〉, let m0 := ρ0 ◦ Θr(m) ∈ B(L2(G))∗, where ρ0 ∈ T (L2(G)) is a fixed
normal state, and
Θr : LUC(G)∗ ∋ n 7→ (T 7→ (id⊗ n)V ∗(T ⊗ 1)V ) ∈ CBT⊲(B(L2(G)))
is the canonical completely contractive homomorphism (see [15, §3] or [35, Proposition 6.5]). Since
LUC(G) = 〈B(L2(G))⊲ T (L2(G))〉 [35, Proposition 5.3], one may view the map Θr as follows:
〈Θr(n)(T ), ρ〉 = 〈n, T ⊲ ρ〉, n ∈ LUC(G)∗, T ∈ B(L2(G)), ρ ∈ T (L2(G)).
Consider the state R∗(m0)m0 ∈ B(L2(G))∗ where R is the extended unitary antipode and  is
the left Arens product on B(L2(G))∗ extending the multiplication in T⊲ = (T (L2(G)),⊲).
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Fix ρ, ω ∈ T (L2(G)) and T ∈ B(L2(G)). Firstly, since m ∈ LUC(G)∗ is an invariant mean
mπ(ρ) = 〈π(ρ), 1〉m = 〈ρ, 1〉m. Thus,
〈m0ρ, T 〉 = 〈m0, ρ⊲ T 〉 = 〈ρ0,Θr(m) ◦Θr(π(ρ))(T )〉
= 〈ρ0,Θr(mπ(ρ))(T )〉 = 〈ρ, 1〉〈ρ0,Θr(m)(T )〉
= 〈ρ, 1〉〈m0, T 〉.
Hence, m0ρ = 〈ρ, 1〉m0. Secondly, Θr(m) is a conditional expectation onto L∞(Ĝ) commuting
with both the right T⊲- and right T⊳-actions [15, Theorem 4.9]. Since xˆ⊲ ω = 〈ω, xˆ〉1, xˆ ∈ L∞(Ĝ)
and ω ∈ T (L2(G)), we also have
〈m0(T ⊳ ρ), ω〉 = 〈m0, (T ⊳ ρ)⊲ ω〉 = 〈ρ0,Θr(m)((T ⊳ ρ)⊲ ω)〉
= 〈ρ0,Θr(m)(T ⊳ ρ)⊲ ω〉 = 〈ρ0, 1〉〈Θr(m)(T ⊳ ρ), ω〉
= 〈ρ0, 1〉〈Θr(m)(T )⊳ ρ, ω〉 = 〈ρ0, 1〉〈Θr(m)(T ), ρ⊳ ω〉
= 〈ρ0,Θr(m)(T )⊲ (ρ⊳ ω)〉 = 〈ρ0,Θr(m)(T ⊲ (ρ⊳ ω))〉
= 〈m0, T ⊲ (ρ⊳ ω)〉 = 〈m0T, ρ⊳ ω〉
= 〈(m0T )⊳ ρ, ω〉.
Thus, m0(T ⊳ ρ) = (m0T )⊳ ρ. Putting things together, on the one hand we obtain
〈R∗(m0)m0, ρ⊲ T 〉 = 〈R∗(m0), (m0ρ)T 〉 = 〈ρ, 1〉〈R∗(m0),m0T 〉,
and on the other,
〈R∗(m0)m0, T ⊳ ρ〉 = 〈R∗(m0),m0(T ⊳ ρ)〉 = 〈R∗(m0), (m0T )⊳ ρ〉
= 〈m0, R((m0T )⊳ ρ)〉 = 〈m0, R∗(ρ)⊲R(m0T )〉
= 〈m0R∗(ρ), R(m0T )〉 = 〈R∗(ρ), 1〉〈m0, R(m0T )〉
= 〈ρ, 1〉〈R∗(m0),m0T 〉 = 〈ρ, 1〉〈R∗(m0)m0, T 〉.
Therefore, M := R∗(m0)m0 is the required state. 
Combining [15, Corollary 4.10] with (the proof of) Proposition 3.8, we obtain a quantum group
analogue of a well-known result of Lau–Paterson [46, Corollary 3.2].
Corollary 3.9. A locally compact quantum group G is amenable if and only if it is inner amenable
and L∞(Ĝ) is 1-injective in Cmod.
Generalizing the hereditary property in the group setting, we show that inner amenability passes
to closed quantum subgroups.
Proposition 3.10. Let G and H be locally compact quantum groups such that H is a closed quantum
subgroup of G in the sense of Vaes. If G is inner amenable then H is inner amenable.
Proof. Let m̂ be an inner invariant state in the sense of Definition 3.2 (ii), let n̂ := m̂◦γ ∈ L∞(Ĥ)∗,
and let WG and WH denote the left fundamental unitaries of G and H, respectively. We also denote
by WG ∈ M(Cu(G) ⊗min Cu(Ĝ)) and WH ∈ M(Cu(H) ⊗min Cu(Ĥ)) the universal multiplicative
unitaries satisfying (πG ⊗ πĜ)(WG) =WG and (πH ⊗ πĤ)(WH) =WH. Finally, we define
G := (id⊗ πĜ)(WG) ∈M(Cu(G)⊗minC0(Ĝ)), H := (id⊗ πĤ)(WH) ∈M(Cu(H)⊗min C0(Ĥ)).
Let πG,H : Cu(G) → Cu(H) be the surjection from [24, Theorem 3.5]. Its dual morphism is a
non-degenerate ∗-homomorphism πˆG,H : Cu(Ĥ)→M(Cu(Ĝ)) satisfying
(πG,H ⊗ id)(WG) = (id⊗ πˆG,H)(WH).
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From the relation γ ◦ π
Ĥ
= π
Ĝ
◦ πˆG,H [24, (3.1)], we have
(id ⊗ γ)(H) = (id⊗ γ ◦ πĤ)(WH)
= (id⊗ π
Ĝ
◦ πˆG,H)(WH)
= (id⊗ π
Ĝ
)(πG,H ⊗ id)(WG)
= (πG,H ⊗ id)(G).
Thus, for any x̂ ∈ L∞(Ĥ) and g ∈ L1(H) we have
〈n̂, x̂⊳H g〉 = 〈m̂, γ((g ⊗ id)W ∗H(1⊗ x̂)WH)〉
= 〈m̂, γ((π∗H(g)⊗ id)(∗H(1⊗ x̂)H))〉
= 〈m̂, (π∗H(g) ⊗ id)(id⊗ γ)(H)∗(1⊗ γ(x̂))(id ⊗ γ)(H))〉
= 〈m̂, (π∗G,H(π∗H(g)) ⊗ id)(∗G(1⊗ γ(x̂))G)〉
= 〈m̂,Θl(π∗G,H(π∗H(g)))(γ(xˆ))〉,
where the last equality follows from Lemma 7.1. By invariance of m̂, we may convolve with any
state f ∈ L1(G) to obtain
〈n̂, x̂⊳H g〉 = 〈m̂,Θl(π∗G,H(g))(γ(xˆ))⊳G f〉
= 〈m̂,Θl(π∗G,H(π∗H(g)) ⋆G f)(γ(xˆ))〉
= 〈m̂, γ(xˆ)⊳G (π∗G,H(π∗H(g)) ⋆G f)〉
= 〈π∗G,H(π∗H(g)) ⋆G f, 1〉〈m̂, γ(xˆ)〉
= 〈g, 1〉〈n̂, xˆ〉.

3.1. Examples arising from the bicrossed product construction. Let G,G1 and G2 be
locally compact groups with fixed left Haar measures for which there exists a homomorphism i :
G1 → G and an anti-homomorphism j : G2 → G which have closed ranges and are homeomorphisms
onto these ranges. Suppose further that G1×G2 ∋ (g, s) 7→ i(g)j(s) ∈ G is a homeomorphism onto
an open subset of G having complement of measure zero. Then (G1, G2) is said to be a matched pair
of locally compact groups [65, Definition 4.7]. Any matched pair (G1, G2) determines a matched
pair of actions α : G1 ×G2 → G2 and β : G1 ×G2 → G1 satisfying mutual co-cycle relations [65,
Lemma 4.9]. It is known that the von Neumann crossed product G1⋊αL
∞(G2) admits a quantum
group structure, called the bicrossed product of the matched pair (G1, G2). The von Neumann
algebra of the dual quantum group is given by the crossed product L∞(G1)
β ⋉G2, and therefore,
following [49], we denote the bicrossed product quantum group by V N(G1)
β ⊲⊳α L
∞(G2).
Below we present sufficient conditions on the matched pair (G1, G2) under which the bicrossed
product is (strongly) inner amenable. In preparation we collect some useful formulae from [65, §4],
to which we refer the reader for details. To ease the presentation we suppress the notations i and
j for the embeddings into G.
The fundamental unitary W satisfies
W ∗ξ(g, s, h, t) = ξ(βt(h)
−1g, s, h, αβt(h)−1g(s)t), ξ ∈ L2(G1 ×G2 ×G1 ×G2).
Letting ∆, ∆1, and ∆2 denote the modular functions for the groups G, G1, and G2, respectively,
the modular conjugation Ĵ of the dual Haar weight satisfies
Ĵξ(g, s) = ∆(αg(s))
1/2∆1(βs(g)g
−1)1/2∆2(αg(s)s
−1)1/2ξ(βs(g), s
−1), ξ ∈ L2(G1 ×G2).
Let Ψ : G2×G1 → (0,∞) be the (continuous) function determined by the Radon-Nikodym deriva-
tives Ψ(s, g) := dβs(g)dg . It follows that Ψ(s, g) = ∆(αg(s))∆1(βs(g)g
−1)∆2(αg(s)). The action β
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determines a unitary representation of G2 on L
2(G1) given by
vsξ(g) =
(
dβs−1(g)
dg
)1/2
ξ(βs−1(g)), ξ ∈ L2(G1).
We denote by v1 the corresponding action of G2 on L
1(G1), given by
v1sξ(g) =
(
dβs−1(g)
dg
)
f(βs−1(g)), f ∈ L1(G1).
Proposition 3.11. Let (G1, G2) be a matched pair of locally compact groups such that
(i) G2 is inner amenable,
(ii) β preserves ∆1,
(iii) there exists an asymptotically β-invariant BAI for L1(G1), i.e., a net (fi) of non-negative
functions in Cc(G1)‖·‖1=1 with supp(fi)→ {e} satisfying
‖v1sfi − fi‖1 → 0
uniformly on compacta.
Then V N(G1)
β ⊲⊳α L
∞(G2) is strongly inner amenable.
Proof. Using the co-cycle properties of α and β [65, Lemma 4.9] together with the definitions of W
and Ĵ , one sees that
(Ĵ ⊗ Ĵ)W ∗(Ĵ ⊗ Ĵ)ξ(g, s, h, t)
= ∆(αh−1βs(g)(s
−1))1/2ξ(βαβs(g)(s−1)(h
−1)g, s, βαβs(g)(s−1)(h
−1)−1, tαh−1βs(g)(s
−1)−1)
for all ξ ∈ L2(G1 ×G2 ×G1 ×G2). Let ηi :=
√
fi. By hypothesis (iii) we have ‖vsηi − ηi‖2L2(G1) ≤
‖v1sfi − fi‖L1(G1) → 0 uniformly on compacta. Combining this with the support condition in (iii),
for any uniformly continuous function f : G1 ×G2 ×G1 → C it follows that
(5)
∫
f(g, s, h) (vαβs(g)(s−1)−1ηi)(h)ηi(h) dh→ f(g, s, e)
uniformly for (g, s) in compact subsets K ⊆ G1 ×G2.
By (i) there exits a net (ξj) in Cc(G2)‖·‖2=1 satisfying
(6) ‖ρ(s)ξj − λ(s)∗ξj‖L2(G2) → 0
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uniformly on compacta. Let U1 be the self-adjoint unitary on L
2(G1) satisfying U1ξ(g) = ξ(g
−1)∆1(g
−1).
Then for any η ∈ Cc(G1 ×G2), and any j, we have
〈WσV σ(η ⊗ U1ηi ⊗ ξj), η ⊗ U1ηi ⊗ ξj〉 = 〈(Ĵ ⊗ Ĵ)W ∗(Ĵ ⊗ Ĵ)(η ⊗ U1ηi ⊗ ξj),W ∗(η ⊗ U1ηi ⊗ ξj)〉
=
∫∫∫∫
∆(αh−1βs(g)(s
−1))1/2 η(βαβs(g)(s−1)(h
−1)g, s) U1ηi(βαβs(g)(s−1)(h
−1)−1) ξj(t(αh−1βs(g)(s
−1))−1)
× η(βt(h)−1g, s) U1ηi(h) ξj(αβt(h)−1g(s)t) dg ds dh dt
=
∫∫∫∫
∆(αh−1βs(g)(s
−1))1/2 η(βαβs(g)(s−1)(h
−1)g, s) ηi(βαβs(g)(s−1)(h
−1)) ξj(t(αh−1βs(g)(s
−1))−1)
× η(βt(h)−1g, s) ηi(h−1) ξj(αβt(h)−1g(s)t) ∆1(h−1) dg ds dh dt
=
∫∫∫∫
∆(αh−1βs(g)(s
−1))1/2 η(βαβs(g)(s−1)(h
−1)g, s) (vαβs(g)(s−1)−1ηi)(h
−1) ξj(t(αh−1βs(g)(s
−1))−1)
×Ψ(αβs(g)(s−1), h−1)−1/2 η(βt(h)−1g, s) ηi(h−1) ξj(αβt(h)−1g(s)t) ∆1(h−1) dg ds dh dt
=
∫∫∫∫
∆(αhβs(g)(s
−1))1/2 η(βαβs(g)(s−1)(h)g, s) (vαβs(g)(s−1)−1ηi)(h) ξj(t(αhβs(g)(s
−1))−1)
×Ψ(αβs(g)(s−1), h)−1/2 η(βt(h−1)−1g, s) ηi(h) ξj(αβt(h−1)−1g(s)t) dg ds dh dt
=
∫∫∫ (∫
ξj(t(αhβs(g)(s
−1))−1) ξj(αβt(h−1)−1g(s)t) η(βt(h
−1)−1g, s) dt
)
×∆(αhβs(g)(s−1))1/2 η(βαβs(g)(s−1)(h)g, s) Ψ(αβs(g)(s
−1), h)−1/2 (vαβs(g)(s−1)−1ηi)(h)ηi(h) dg ds dh
→
∫∫∫
ξj(t(αβs(g)(s
−1))−1) ξj(αg(s)t) |η(g, s)|2 ∆(αβs(g)(s−1))1/2 Ψ(αβs(g)(s−1), e)−1/2 dg ds dt
by (5). But αβs(g)(s
−1)−1 = αg(s) almost everywhere in (g, s), so that
∆(αβs(g)(s
−1))1/2Ψ(αβs(g)(s
−1), e)−1/2 = ∆(αβs(g)(s
−1))1/2∆(αβs(g)(s
−1))−1/2∆2(αβs(g)(s
−1))−1/2
= ∆2(αg(s))
1/2, a.e.
The final integral in the above calculation therefore reduces to∫∫∫
∆2(αg(s))
1/2 ξj(tαg(s)) ξj(αg(s)t) |η(g, s)|2 dg ds dt.
By the compact convergence (6) the above expression converges in j to∫∫
|η(g, s)|2 dg ds = ‖η‖2L2(G1×G2).
Denoting the index sets of (ηi) and (ξj) by I and J , respectively, we form the product I := J×IJ and
for I = (j, (ij)j∈J) ∈ I we let ξI := U1ηij⊗ξj ∈ L2(G1×G2). By [39, pg. 69] and the above analysis,
the resulting net (ξI) is asymptotically conjugation invariant for V N(G1)
β ⊲⊳α L
∞(G2). 
Corollary 3.12. Let (G1, G2) be matched pair of discrete groups. Then V N(G1)
β ⊲⊳α L
∞(G2) is
strongly inner amenable.
Remark 3.13. Unlike amenability, inner amenability for locally compact groups does not pass to
extensions. For example, R2 ⋊ F6 is not inner amenable (see Remark 3.7), while both R
2 and F6
are.
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Example 3.14. We consider a discretized version of [26, Example 1]. Let
G =
{a b xc d y
0 0 1

 | (a b
c d
)
∈ SL(2,Q), x, y ∈ Q
}
,
G1 = (Q
2,+), and G2 = SL(2,Q), viewed as discrete groups. The embeddings
G1 ∋ (x, y) 7→

 1 0 −x−x 1 −y + 12x2
0 0 1

 ∈ G, G2 ∋ (a bc d
)
7→

 d −b 0−c a 0
0 0 1

 ∈ G
determine a matched pair structure for (G1, G2). The corresponding actions are given by
α(x,y)
(
a b
c d
)
=
(
a+ bx b
c+ dx− (a+ bx)(ax+ b(y + 12x2)) d− b(ax+ b(y + 12x2))
)
β(a b
c d
)(x, y) =
(
ax+ by +
b
2
x2, cx+ d
(
y +
1
2
x2
)
− 1
2
(
ax+ b
(
y +
1
2
x2
))2)
.
By Corollary 3.12, the bicrossed product G := V N(Q2)β ⊲⊳α L
∞(SL(2,Q)) is strongly inner
amenable. Since SL(2,Q) is not amenable, it follows from [26, Theorem 13] that G is not amenable.
Moreover, sinceQ2 is not compact, G is not discrete by [65, Proposition 2.17]. Thus, G is an example
of a non-discrete, non-amenable, inner amenable quantum group.
4. Relative Injectivity and the Averaging Technique
In [56, Lemma 4.1] Ruan and Xu showed that the dual L∞(Ĝ) of a strongly inner amenable
Kac algebra G is relatively 1-injective in L1(Ĝ)mod. We will now show that relative 1-injectivity
follows from the a priori weaker notion of inner amenability. Below we let G˜ := Gr(Ĝ) denote the
intrinsic group of Ĝ.
Proposition 4.1. Let G be a locally compact quantum group. Consider the following conditions:
(i) Ĝ is inner amenable;
(ii) L∞(G) is relatively 1-injective in modL1(G);
(iii) L∞(G) is relatively 1-injective in L1(G)mod;
(iv)
˜̂
G = Gr(G) is inner amenable.
Then (i)⇒ (ii)⇔ (iii)⇒ (iv). When G is co-commutative, the conditions are equivalent.
Proof. (i)⇒ (ii): Given a state n ∈ L∞(G)∗ which is right ⊳̂ invariant, it follows that m := n ◦R
is left ⊲̂
′
invariant.
It suffices to provide a completely contractive morphism which is a left inverse to the map
∆ : L∞(G)→ CB(L1(G), L∞(G)) given by
(7) ∆(x)(f) = x⊲ f, T ∈ B(L2(G)), ρ ∈ T (L2(G)).
Identifying CB(L1(G), L∞(G)) ∼= L∞(G)⊗L∞(G) via
〈Φ, f ⊗ g〉 = 〈Φ(f), g〉, Φ ∈ CB(L1(G), L∞(G)), f, g ∈ L1(G),
we have ∆ = Γ, and that the corresponding L1(G)-module structure on L∞(G)⊗L∞(G) is defined
by X D f = (f ⊗ id⊗ id)(Γr ⊗ id)(X) for X ∈ L∞(G)⊗L∞(G) and f ∈ L1(G).
First, consider the map
Φ : B(L2(G))⊗L∞(G) ∋ A 7→ (id⊗m)(V ∗AV ) ∈ B(L2(G)).
Clearly, Φ is a completely contractive left inverse to Γ. We show that Φ is a right T⊲-module map.
This will complete the proof since [14, Corollary 4.3] will entail the invariance Φ(L∞(G)⊗L∞(G)) ⊆
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L∞(G), and the restricted module action T⊲ y L∞(G) is the pertinent L1(G)-module action. To
this end, fix A ∈ B(L2(G))⊗L∞(G) and ρ ∈ T (L2(G)). Then
Φ(AD ρ) = Φ((ρ⊗ id⊗ id)(V12A13V ∗12))
= (id ⊗m)(ρ⊗ id⊗ id)(V ∗23V12A13V ∗12V23)
= (id ⊗m)(ρ⊗ id⊗ id)(V12V ∗23V ∗13A13V13V23V ∗12)
= (ρ⊗ id)(V (id ⊗ id⊗m)(V ∗23V ∗13A13V13V23)V ∗).
Now, using the fact that V̂ ′ = σV ∗σ, where σ is the flip map on L2(G) ⊗ L2(G), for any τ, ω ∈
T (L2(G)), we have
〈(id ⊗ id⊗m)(V ∗23V ∗13A13V13V23), τ ⊗ ω〉
= 〈(id⊗ id⊗m)(V ∗23(σ ⊗ 1)V ∗23A23V23(σ ⊗ 1)V23), τ ⊗ ω〉
= 〈(id⊗ id⊗m)(V ∗13V ∗23A23V23V13), ω ⊗ τ〉
= 〈(id⊗m)(V ∗(1⊗ (τ ⊗ id)(V ∗AV ))V ), ω〉
= 〈(m⊗ id)(V̂ ′((τ ⊗ id)(V ∗AV )⊗ 1)V̂ ′∗), ω〉
= 〈m,ω⊲̂′((τ ⊗ id)(V ∗AV ))〉
= 〈m, (τ ⊗ id)(V ∗AV )〉〈ω, 1〉
= 〈(id⊗m⊗ id)(V ∗AV ⊗ 1), τ ⊗ ω〉
= 〈Φ(A)⊗ 1, τ ⊗ ω〉.
As τ and ω were arbitrary, we have
Φ(AD ρ) = (ρ⊗ id)(V (id⊗ id⊗m)(V ∗23V ∗13A13V13V23)V ∗)
= (ρ⊗ id)(V (Φ(A)⊗ 1)V ∗)
= Φ(A)⊲ ρ.
(ii) ⇔ (iii) Given a completely contractive left (respectively, right) L1(G)-module left inverse
Φ to Γ, it follows that R ◦ Φ ◦ Σ ◦ (R ⊗ R) is a completely contractive right (respectively, left)
L1(G)-module left inverse to Γ.
(iii)⇒ (iv): Recall that Gr(G) is a group of unitaries in L∞(G), so it acts naturally on L∞(G)
by conjugation. The existence of a state m ∈ L∞(G)∗ which is Gr(G)-invariant follows directly
from the argument of [16, Theorem 3.4], using the Γ(L∞(G)) − L∞(G)-bimodule property of Φ.
Since
˜̂
G is a closed quantum subgroup of Ĝ in the sense of Vaes [22, Theorem 5.5], there exists a
normal ∗-homomorphism γ : L∞( ̂̂˜G) → L∞(G) intertwining the co-multiplications. As L∞( ̂̂˜G) =
V N(
˜̂
G) = V N(Gr(G)), the state m ◦ γ ∈ V N(Gr(G))∗ is Gr(G)-invariant, making Gr(G) inner
amenable by [16, Proposition 3.2].
When G = Gs is co-commutative, then Gr(Gs) = G and the implication (iv) ⇒ (i) follows
immediately from [16, Proposition 3.2]. 
Corollary 4.2. Let G be a locally compact quantum group for which L∞(Ĝ) is an injective von
Neumann algebra. Then the following are equivalent:
(i) G is amenable;
(ii) G is inner amenable;
(iii) L∞(Ĝ) is relatively 1-injective in modL1(Ĝ).
Proof. Propositions 3.8 and 4.1 yield the implications (i) ⇒ (ii) ⇒ (iii). Assume (iii). Since
L∞(Ĝ) is 1-injective in modC it follows from [14, Proposition 2.3] that L∞(Ĝ) is 1-injective in
modL1(Ĝ). Hence, G is amenable by [14, Theorem 5.1]. 
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In the recent article [51], Ng and Viselter utilized topological inner amenability to elucidate the
connection between co-amenability of G and amenability of Ĝ. One of their main results is the
following.
Theorem 4.3 (Ng–Viselter). Let G be a locally compact quantum group.
(i) Consider the following conditions:
(a) G is co-amenable;
(b) C0(G) is nuclear and there exists a state ρ ∈ C0(G)∗ such that
〈ρ, x⊳̂fˆ〉 = 〈ρ, x〉〈fˆ , 1〉, fˆ ∈ L1(Ĝ), x ∈ C0(G).
(c) Ĝ is amenable.
Then (a)⇒ (b)⇒ (c).
(ii) Moreover, if Ĝ has trivial scaling group (for instance, if G is a Kac algebra), then (a) ⇒
(b′)⇒ (b), where
(b′) C0(G) is nuclear and has a tracial state.
They conjectured that condition (b) above is equivalent to either condition (a) or condition (c).
We now show that (b) is indeed equivalent to (a).
Theorem 4.4. Let G be a locally compact quantum group. Then G is co-amenable if and only if
C0(G) is nuclear and Ĝ is topologically inner amenable.
Proof. Suppose that C0(G) is nuclear and Ĝ is topologically inner amenable. Given a state m ∈
C0(G)
∗ which is right ⊳̂ invariant, it follows that n := m ◦ R is left ⊲̂′ invariant, as in the proof
of Proposition 4.1. Let n ∈ M(C0(G))∗ also denote the unique extension to M(C0(G)) which is
strictly continuous on the unit ball, and (id ⊗ n) : M(K(L2(G)) ⊗min C0(G)) → B(L2(G)) denote
the unique extension of the slice map (id⊗n) : K(L2(G))⊗minC0(G)→ K(L2(G)) which is strictly
continuous on the unit ball. By strict density of C0(G) in M(C0(G)), it follows that
〈n, fˆ ′⊲̂′x〉 = 〈n, x〉〈fˆ ′, 1〉, fˆ ∈ L1(Ĝ′), x ∈M(C0(G)).
Since V ∈M(K(L2(G))⊗min C0(G)), the map Φ : C0(G)⊗min C0(G)→ B(L2(G)) defined by
Φ(A) = (id ⊗ n)(V ∗AV ), A ∈ C0(G)⊗min C0(G),
is a non-zero, strict, completely positive contraction. Using the extended ⊲̂
′
-invariance onM(C0(G)),
it follows verbatim from the proof of Proposition 4.1 that
Φ(AD ρ) = Φ(A)⊲ ρ, A ∈ C0(G)⊗min C0(G), ρ ∈ T (L2(G)).
Since Ad(V ∗) : K(L2(G))⊗min C0(G)→ K(L2(G))⊗min C0(G) and
T (L2(G))⊗̂M(G) = (K(L2(G))⊗min C0(G))∗,
we have
Ad(V ∗)∗ : T (L2(G))⊗̂M(G)→ T (L2(G))⊗̂M(G).
Letting r : T (L2(G)) ∋ ρ 7→ ρ|C0(G) ∈M(G) be the (completely positive) restriction map, it follows
that
Φ∗|T (L2(G)) : T (L2(G)) ∋ ρ 7→ (r ⊗ id)(Ad(V ∗)∗(ρ⊗ n)) ∈M(G)⊗̂M(G).
The proof of [14, Corollary 4.3] entails the inclusion Φ(C0(G)⊗min C0(G)) ⊆ L∞(G). In fact, since
Φ is a right L1(G)-module map and C0(G) is essential, more is true:
Φ(C0(G)⊗min C0(G)) ⊆ LUC(G) ⊆M(C0(G)).
The unique strict extension Φ˜ :M(C0(G)⊗minC0(G))→M(C0(G)), which exists by [45, Corollary
5.7], satisfies Φ˜ ◦ Γ|C0(G) = idC0(G). If ρ ∈ L∞(G)⊥ then the invariance Φ(C0(G) ⊗min C0(G)) ⊆
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L∞(G) implies Φ∗(ρ) = 0. Thus, Φ∗ induces a completely positive left L1(G)-module map
Φ∗ : L1(G) = (T (L2(G))/L∞(G)⊥)→M(G)⊗̂M(G).
By strict continuity and the definition of the multiplication onM(G), for f ∈ L1(G) and x ∈ C0(G)
we have
〈mM(G)(Φ∗(f)), x〉 = 〈Φ∗(f),Γ(x)〉 = 〈f, Φ˜(Γ(x))〉 = 〈f, x〉.
Hence, mM(G) ◦ Φ∗ is the canonical inclusion L1(G) →֒M(G).
Now, by nuclearity of C0(G), there exists a net ϕi : C0(G) → C0(G) of finite-rank completely
positive contractions converging to the identity in the point-norm topology. Define ψi : L
1(G) →
M(G) by
ψi = mM(G) ◦ (id⊗ ϕ∗i ) ◦ Φ∗.
Then ψi ∈ L1(G)CP(L1(G),M(G)) =L1(G) CP(L1(G)). By [20, Theorem 5.2] there exist contractive
positive functionals νi ∈ Cu(G)∗ such that ψi = mrνi . Since ϕ∗i : M(G) → M(G) forms a bounded
net converging to the identity point-weak*, and mM(G) is separately weak* continuous, it follows
that ψi converges to the inclusion L
1(G) →֒M(G) point-weak*.
Write ϕi =
∑ni
k=1 x
i
k ⊗ µik for some xik ∈ C0(G) and µik ∈M(G). Since (b)⇒ (c) in Theorem 4.3
we know that Ĝ is amenable. Hence, by [14, Proposition 5.10] M rcb(L
1(G)) =L1(G) CB(L1(G)) =
Cu(G)
∗. For each i and k the map (id ⊗ xik)Φ∗ ∈L1(G) CB(L1(G)), so there exists νik such that
(id⊗ xik)Φ∗ = mrνi
k
. Thus, for f ∈ L1(G) we have
ψi(f) = mM(G) ◦ (id ⊗ ϕ∗i ) ◦ Φ∗(f)
=
ni∑
k=1
mM(G)((id ⊗ xik)Φ∗(f)⊗ µik)
=
ni∑
k=1
mM(G)(f ⋆ ν
i
k ⊗ µik)
=
ni∑
k=1
f ⋆ νik ⋆ µ
i
k.
Hence, νi =
∑ni
k=1 ν
i
k ⋆ µ
i
k ∈ M(G) as M(G) is a closed ideal in Cu(G)∗. Passing to a subnet we
may assume νi → ν weak* in M(G). But then for any f ∈ L1(G) and x ∈ C0(G) we have
〈f ⋆ ν, x〉 = 〈ν, x ⋆ f〉 = lim
i
〈νi, x ⋆ f〉 = lim
i
〈f ⋆ νi, x〉 = 〈f, x〉.
It follows that ν is a right identity for M(G), which implies that M(G) is unital, whence G is
co-amenable (cf. [5, Theorem 3.1]). 
Theorem 4.4 generalizes, and provides a different proof of, the main result in [50], which says
that a locally compact group G is amenable if and only if C∗λ(G) is nuclear and has a tracial state.
Corollary 4.5. Let G be a locally compact quantum group such that Ĝ has trivial scaling group
(for instance, if G is a Kac algebra). Then G is co-amenable if and only if C0(G) is nuclear and
has a tracial state.
The combination of Theorem 4.4 with Corollary 4.2 elucidates the relationship between co-
amenability and amenability of the dual: Ĝ is amenable if and only if C0(G) is nuclear and there
exists a state m ∈ L∞(G)∗ such that
〈m,x⊳̂f̂〉 = 〈m,x〉〈fˆ , 1〉, fˆ ∈ L1(Ĝ), x ∈ L∞(G),
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while G is co-amenable if and only if C0(G) is nuclear and there exists a state m ∈ C0(G)∗ such
that
〈m,x⊳̂f̂〉 = 〈m,x〉〈fˆ , 1〉, fˆ ∈ L1(Ĝ), x ∈ C0(G).
This subtle difference can also be phrased in terms of homology: Ĝ is amenable if and only if L1(G)
is 1-flat [14, Theorem 5.1], while G is co-amenable if and only if M(G) is 1-projective, as we now
prove.
Theorem 4.6. Let G be a locally compact quantum group. Then G is co-amenable if and only if
M(G) is 1-projective in M(G)mod.
Proof. If G is co-amenable then M(G) is unital by [5, Theorem 3.1], and moreover the unit has
norm one. Any unital completely contractive Banach algebra A is ‖eA‖-projective, so the claim
follows.
Conversely, if M(G) is 1-projective, then C0(G)
∗∗ = M(G)∗ is 1-injective in mod −M(G). It
follows that the inclusion morphism M(C0(G)) →֒ C0(G)∗∗ extends to a unital completely con-
tractive, hence completely positive M(G)-module map Φ : B(L2(G)) → C0(G)∗∗. Applying the
argument of [51, Theorem 3.2] we see that (id⊗ Φ) : C0(G)∗∗⊗B(L2(G))→ C0(G)∗∗⊗C0(G)∗∗ is a
unital completely positive morphism satisfying (id ⊗ Φ)(Ŵ ) = Ŵ . By unitarity it follows that Ŵ
is in the multiplicative domain of (id⊗ Φ), and hence
(id⊗ Φ)(Ŵ ∗XŴ ) = Ŵ ∗(id⊗ Φ)(X)Ŵ , X ∈ C0(G)∗∗⊗B(L2(G)).
In particular, for every T ∈ B(L2(G)) and fˆ ∈ L1(Ĝ) we have
Φ(T ⊳̂fˆ) = Φ((fˆ ⊗ id)(Ŵ ∗(1⊗ T )Ŵ )) = (fˆ ⊗ id)(id ⊗ Φ)((Ŵ ∗(1⊗ T )Ŵ ))
= (fˆ ⊗ id)(Ŵ ∗(1⊗Φ(T ))Ŵ ) = Φ(T )⊳̂fˆ .
Thus, Φ is a morphism with respect to the canonical L1(Ĝ)-module structure on C0(G)
∗∗. Moreover,
theM(G)-module property entails π◦Φ(L∞(Ĝ)) = C1, where π : C0(G)∗∗ → L∞(G) is the canonical
surjection. Since π is clearly an L1(Ĝ)-module map, it follows that π◦Φ|L∞(Ĝ) is an invariant mean,
entailing the amenability of Ĝ and therefore the nuclearity of C0(G).
Now, by 1-projectivity of M(G), for every ε > 0 there exists a morphism Φε : M(G) →
M(G)+⊗̂M(G) such that m+ ◦ Φε = idM(G), and ‖Φε‖cb < 1 + ε. By amenability of Ĝ, we
know Cu(G)
∗ =L1(G) CB(L1(G)) [14, Proposition 5.10], so one does not require the complete posi-
tivity of Φε to perform the averaging argument from Theorem 4.4, which yields a bounded net (µi)
in M(G) that clusters to a right identity, entailing the co-amenability of G. 
The averaging argument used above, together with its variants used in [3, 14], shows that it is
inner amenability, as opposed to discreteness, that underlies the original averaging technique of
Haagerup. In the setting of unimodular discrete quantum groups Ĝ, the technique relies on the
existence of a normal left inverse Φ : L∞(G)⊗L∞(G) → L∞(G) to the co-multiplication that is
an L1(G)-module map. Such a map is typically built from a trace-preserving normal conditional
expectation E : L∞(G)⊗L∞(G)→ Γ(L∞(G)) onto the image of Γ (see [23, Theorem 7.5] and [41,
Theorem 5.5]). It is the combination of the L1(G)-module property of Φ together with a suitable
finite-dimensional approximation that allows one to average approximation properties of L∞(G)
or C0(G) to approximation properties of Ĝ. Thus, provided one has a suitably nice L
1(G)-module
left inverse to the co-multiplication, the same averaging technique applies. This is where inner
amenability enters the picture.
Recall that a locally compact quantum group G is weakly amenable if there exists an approx-
imate identity (fˆi) in L
1(Ĝ) which is bounded in M lcb(L
1(Ĝ)). The infimum of bounds for such
approximate identities is the Cowling–Haagerup constant of G, and is denoted Λcb(G). We say that
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G has the approximation property if there exists a net (fˆi) in L
1(Ĝ) such that Θ̂l(λˆ(fˆi)) converges
to id
L∞(Ĝ)
in the stable point-weak* topology.
Proposition 4.7. Let G be a locally compact quantum group whose dual Ĝ is strongly inner
amenable.
(i) If L∞(G) has the w*CBAP then Ĝ is weakly amenable with Λcb(Ĝ) ≤ Λcb(L∞(G)).
(ii) L∞(G) has the w*OAP if and only if Ĝ has the approximation property.
Proof. Let (ξi) be a net of asymptotically conjugation invariant unit vectors in L
2(G). It follows
verbatim from [56, Lemma 4.1] that
Φi : L
∞(G)⊗L∞(G) ∋ X 7→ (ωξi ⊗ id)(W ∗(U∗ ⊗ 1)X(U ⊗ 1)W ) ∈ L∞(G).
defines a net of unital completely positive left L1(G)-module maps, which cluster weak* in
CB(L∞(G)⊗L∞(G), L∞(G)) = ((L∞(G)⊗L∞(G))⊗̂L1(G))∗
to a module left inverse to Γ. Passing to a subnet we may assume convergence.
(i) Let (ϕj) be a net of finite-rank, normal, completely bounded maps converging to the iden-
tity point-weak*, with ‖ϕj‖cb ≤ C. Since ϕj is finite-rank, there exists f j1 , ..., f jnj ∈ L1(G) and
xj1, ..., x
j
nj ∈ L∞(G) such that ϕj =
∑nj
k=1 x
j
k ⊗ f jk . Put
Φij = Φi ◦ (ϕj ⊗ id) ◦ Γ : L∞(G)→ L∞(G).
Then Φij is a normal completely bounded left L
1(G)-module map with ‖Φij‖cb ≤ C. Also, for each
i, j and 1 ≤ k ≤ nj, the map
(8) L∞(G) ∋ x 7→ Φi(xjk ⊗ x) ∈ L∞(G)
is a normal completely bounded left L1(G)-module map. Since xjk is a linear combination of positive
elements in L∞(G), and Φi is completely positive, the map (8) is a linear combination of normal
completely positive L1(G)-module maps L∞(G) → L∞(G). By [20, Theorem 5.2], there exist
µijk ∈ Cu(G)∗ such that (8) is given by right multiplication by µijk . Hence, for each x ∈ L∞(G)
Φij(x) = Φi ◦ (ϕj ⊗ id) ◦ Γ(x)
=
nj∑
k=1
Φi(x
j
k ⊗ x ⋆ f jk)
=
nj∑
k=1
x ⋆ f jk ⋆ µ
ij
k
= x ⋆ fij,
where fij =
∑ni
k=1 f
j
k ⋆ µ
ij
k ∈ L1(G) as L1(G) is a closed ideal in Cu(G)∗. Thus, ‖fij‖cb ≤ C, and it
follows that
lim
i
lim
j
x ⋆ fij = lim
i
Φi(Γ(x)) = x,
point-weak* in L∞(G). Combining the iterated limit into a single net as in Proposition 3.11
and appealing to the standard convexity argument, it follows that Ĝ is weakly amenable with
Λcb(Ĝ) ≤ Λcb(L∞(G)).
(ii) The proof that w*OAP implies the approximation property follows by a similar argument
to (i), appealing to well-known properties of the stable point-weak* topology on von Neumann
algebras (cf. [34, Proposition 1.7]). The converse was shown for Kac algebras in [41, Theorem
4.15]. Their proof extends verbatim to arbitrary locally compact quantum groups. 
Corollary 4.8. Let G be an inner amenable locally compact group.
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(i) If V N(G) has the w*CBAP then G is weakly amenable.
(ii) V N(G) has the w*OAP if and only if G has the approximation property.
Remark 4.9. From the homological perspective, the (potential) distinction between strong inner
amenability and inner amenability of Ĝ, is that the former case generates an L1(G)-module left
inverse to Γ that can be approximated by normal L1(G)-module maps. It is not clear if a similar
approximation can be achieved in the latter case, whence the strong inner amenability assumption
in Proposition 4.7.
Remark 4.10. To the author’s knowledge, the converse of Proposition 4.7 (i) is not known to
hold even in the co-commutative setting. That is, if G is a weakly amenable locally compact
group, does V N(G) have the weak*CBAP? By [34, Theorem 3.2] it is known that in this case
idV N(G) can be approximated in the point-weak* topology by a bounded net in CBσ(V N(G)), each
of whose elements is the limit in the point-weak* topology of bounded net of finite-rank elements
in CBσ(V N(G)).
Proposition 4.11. Let G be a topologically inner amenable locally compact quantum group.
(i) If C0(G) has the CBAP, then there exists a net (νi) in M(G) such that ‖νi‖cb ≤ Λcb(C0(G))
and νi → 1 σ(M rcb(L1(G)), Qrcb(L1(G))).
(ii) If C0(G) has the OAP then M(G) is σ(M
r
cb(L
1(G)), Qrcb(L
1(G)))-dense in M rcb(L
1(G)).
Proof. Let Φ : L1(G) → M(G)⊗̂M(G) be the completely positive left L1(G)-module map con-
structed in Theorem 4.4 from topological inner amenability. Recall that mM(G) ◦Φ is the canonical
inclusion L1(G) →֒M(G).
(i) Let ϕi : C0(G) → C0(G) be a net of finite-rank completely bounded maps converging to the
identity in the point-norm topology such that ‖ϕi‖cb ≤ C. Write ϕi =
∑ni
k=1 x
i
k ⊗ µik for some
xik ∈ C0(G) and µik ∈ M(G). For each i and k, xik is a linear combination of positive elements
in C0(G), and hence the map (id ⊗ xik)Φ ∈L1(G) CB(L1(G)) is a linear combination of completely
positive left L1(G)-module maps on L1(G), so by [20, Theorem 5.2] there exists νik such that
(id⊗ xik)Φ = mrνi
k
.
Define ψi : L
1(G) → M(G) by ψi = mM(G) ◦ (id ⊗ ϕ∗i ) ◦ Φ. Since ϕ∗i : M(G) → M(G) forms a
bounded net converging to the identity point-weak*, and mM(G) is separately weak* continuous, it
follows that ψi converges to the inclusion L
1(G) →֒ M(G) point-weak*. Moreover, for f ∈ L1(G)
we have
ψi(f) = mM(G) ◦ (id⊗ ϕ∗i ) ◦Φ(f)
=
ni∑
k=1
mM(G)((id⊗ xik)Φ(f)⊗ µik)
=
ni∑
k=1
mM(G)(f ⋆ ν
i
k ⊗ µik)
=
ni∑
k=1
f ⋆ νik ⋆ µ
i
k
= f ⋆ νi,
where νi =
∑ni
k=1 ν
i
k ⋆ µ
i
k ∈ M(G) as M(G) is a closed ideal in Cu(G)∗. Then ‖νi‖cb ≤ C,
and it follows that νi ⋆ x → x weak* in L∞(G) for all x ∈ C0(G). Since (νi) is bounded in
CBL1(G)(C0(G), L∞(G)), we have νi → 1 σ(M rcb(L1(G)), Qrcb(L1(G))).
(ii) The proof follows similarly to (i), averaging the finite-rank maps arising from the OAP of
C0(G) and using the stable point-norm topology together with the structure of Q
r
cb(L
1(G)). 
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5. Self-duality of Biflatness
As in the one-sided case, for a completely contractive Banach algebra A, we say that an operator
A-bimoduleX is C-biflat (respectively, relatively C-biflat) if its dualX∗ is C-injective (respectively,
relatively C-injective) in AmodA. Equivalently, X is C-biflat if for any 1-exact sequence
0→ Y →֒ Z ։ Z/Y → 0
in AmodA, the sequence
0→ XA⊗̂AY →֒ XA⊗̂AZ ։ XA⊗̂AZ/Y → 0
is C-exact in the category of operator spaces and completely bounded maps, where XA⊗̂AY is the
bimodule tensor product of X and Y , defined by X⊗̂Y/ANA, where
ANA = 〈a · x⊗ y − x⊗ y · a, x′ · a′ ⊗ y′ − x′ ⊗ a′ · y′ | a, a′ ∈ A, x, x′ ∈ X, y, y′ ∈ Y 〉.
In [56, Theorem 4.3] Ruan and Xu provided a sufficient condition for relative 1-biflatness of
L1(Ĝ) for any Kac algebra G by means of the existence of a certain net of unit vectors (ξi) which
are asymptotically invariant under the conjugate co-representation WσV σ and for which ωξi |L∞(G)
is a bounded approximate identity of L1(G). In the group setting, this is precisely the quasi-SIN, or
QSIN condition (see [48, 58]). We now obtain the same conclusion under a priori weaker hypotheses.
Proposition 5.1. Let G be a locally compact quantum group for which there exists a right invariant
mean m ∈ L∞(G)∗ satisfying
(9) 〈m, fˆ ′⊲̂′x〉 = 〈fˆ ′, 1〉〈m,x〉, fˆ ′ ∈ L1(Ĝ′), x ∈ L∞(G).
Then L∞(G) is relatively 1-injective in L1(G)modL1(G). When G = Gs is co-commutative, the
converse holds.
Proof. It suffices to provide a completely contractive L1(G)-bimodule map Φ : L∞(G)⊗L∞(G) →
L∞(G) which is a left inverse to Γ. Defining Φ(X) = (id ⊗m)(V ∗XV ), X ∈ L∞(G)⊗L∞(G), as
in Proposition 4.1, it immediately follows that Φ is a completely contractive right L1(G)-module
map and Φ ◦ Γ = idL∞(G). However, since m is also a right invariant mean on L∞(G), the module
argument from [15, Theorem 5.5] shows that Φ is also a left L1(G)-module map.
When G = Gs is co-commutative, the converse follows from the proof of [16, Theorem 4.1],
wherein the existence of a state m ∈ V N(G)∗ invariant under both the A(G)-action and the right
L1(G)-action was established. Owing to the fact that Vs =Wa we have
f⊲̂
′
sx = (id⊗ f)(V̂ ′s(x⊗ 1)V̂ ′∗s ) = (f ⊗ id)(V ∗s (1⊗ x)Vs)
= (f ⊗ id)(W ∗a (1⊗ x)Wa) = x⊳a f
for all f ∈ L1(G) and x ∈ V N(G). Hence, m satisfies (9). 
A completely contractive Banach algebra A is operator amenable if it is relatively C-biflat in
AmodA for some C ≥ 1, and has a bounded approximate identity. By [54, Proposition 2.4] this
is equivalent to the existence of a bounded approximate diagonal in A⊗̂A, that is, a bounded net
(Aα) in A⊗̂A satisfying
a · Aα −Aα · a, mA(Aα) · a→ 0, a ∈ A.
We let OA(A) denote the operator amenability constant of A, the infimum of all bounds of ap-
proximate diagonals in A⊗̂A. This notion is the operator module analogue of the classical concept
introduced by Johnson [36], who showed that the group algebra L1(G) of a locally compact group
G is (operator) amenable if and only if G is amenable. In [54], Ruan established the dual result,
showing that the Fourier algebra A(G) is operator amenable precisely when G is amenable. Thus,
L1(G) is operator amenable if and only if A(G) is operator amenable. To motivate our next result,
we now recast this equivalence at the level of (non-relative) biflatness.
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Proposition 5.2. Let G be a locally compact group. Then L1(G) is 1-biflat if and only if G is
amenable if and only if A(G) is 1-biflat.
Proof. By [36] G is amenable if and only if L1(G) is amenable if and only if L1(G) is relatively
1-biflat. Since L∞(G) is a 1-injective operator space, Proposition 2.1 entails the equivalence with
1-injectivity of L∞(G) in L1(G)modL1(G).
Dually, if G were amenable, then V N(G) is a 1-injective operator space, and it is relatively
1-injective in A(G)modA(G) by (the proof of) [54, Theorem 3.6]. Thus, Proposition 2.1 entails
the 1-injectivity of V N(G) as an operator A(G)-bimodule. Conversely, if V N(G) is 1-injective in
A(G)modA(G), then it is clearly 1-injective in A(G)mod, so G is amenable by [14, Corollary
5.3]. 
We now show that 1-biflatness of quantum convolution algebras is a self dual property.
Theorem 5.3. Let G be a locally compact quantum group. Then L1(G) is 1-biflat if and only if
L1(Ĝ) is 1-biflat.
Proof. Clearly, it suffices to show one direction by Pontrjagin duality, so suppose that L1(Ĝ) is 1-
biflat, that is, L∞(Ĝ) is 1-injective in L1(Ĝ)modL1(Ĝ). Consider the canonical L1(Ĝ)-bimodule
structure on B(L2(G)) given by
fˆ⊲̂T = (id⊗ fˆ)V̂ (T ⊗ 1)V̂ ∗ and T ⊳̂fˆ = (fˆ ⊗ id)Ŵ ∗(1⊗ T )Ŵ ,
for fˆ ∈ L1(Ĝ) and T ∈ B(L2(G)). Then by 1-injectivity, id
L∞(Ĝ)
extends to a completely contractive
L1(Ĝ)-bimodule projection E : B(L2(G))→ L∞(Ĝ). By the left ⊲̂-module property, it follows from
the standard argument that E(L∞(G)) ⊆ L∞(G) ∩ L∞(Ĝ) = C1. Also, [15, Theorem 4.9] implies
that E is a right ⊳-module map. Let R be the extended unitary antipode of G. Then
(R⊗R)(V̂ ′) = (R⊗R)(σV ∗σ) = Σ(R⊗R)(V ∗) = Σ(Ĵ ⊗ Ĵ)(V )(Ĵ ⊗ Ĵ) = ΣŴ ,
where the last equality follows from equation (2) and the adjoint relations of W and V . Let
ER : B(L2(G)) → L∞(Ĝ′) be the projection of norm one, ER = R ◦ E ◦ R. Then for fˆ ′ ∈ L1(Ĝ′)
and T ∈ B(L2(G)), we have
ER(fˆ
′
⊲̂
′
T ) = R(E(R((id ⊗ fˆ ′)V̂ ′(T ⊗ 1)V̂ ′∗)))
= R(E((id ⊗ fˆ ′ ◦R)(R ⊗R)(V̂ ′(T ⊗ 1)V̂ ′∗)))
= R(E((id ⊗ fˆ ′ ◦R)((R ⊗R)(V̂ ′∗)(R(T )⊗ 1)(R ⊗R)(V̂ ′))))
= R(E((id ⊗ fˆ ′ ◦R)((ΣŴ ∗)(R(T )⊗ 1)(ΣŴ ))))
= R(E((fˆ ′ ◦R⊗ id)(Ŵ ∗(1 ⊗R(T ))Ŵ )))
= R(E(R(T )⊳̂(fˆ ′ ◦R)))
= R(E(R(T ))⊳̂(fˆ ′ ◦R))
= fˆ ′⊲̂
′
ER(T ).
Thus, ER is a left ⊲̂
′
-module map. Since R(L∞(G)) = L∞(G), the restriction ER|L∞(G) defines a
state m ∈ L∞(G)∗ satisfying
〈m, f̂ ′⊲̂′x〉 = 〈fˆ ′, 1〉〈m,x〉, fˆ ′ ∈ L1(Ĝ′), x ∈ L∞(G).
But E was also a right ⊳-module map, which implies that ER is a left ⊲-module map by the
generalized antipode relation (3). Thus, we also have
〈m, f ⊲ x〉 = 〈f, 1〉〈m,x〉, f ∈ L1(G), x ∈ L∞(G),
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meaning that m is a right invariant mean on L∞(G). By Proposition 5.1 it follows that L∞(G) is
relatively 1-injective in L1(G)modL1(G).
By 1-injectivity of L∞(Ĝ) in L1(Ĝ)modL1(Ĝ), there exists a completely contractive morphism
Φ : L∞(Ĝ)⊗L∞(Ĝ) → L∞(Ĝ) which is a left inverse to Γ̂. It follows that Φ|
L∞(Ĝ)⊗1
defines a
state m̂ ∈ L∞(Ĝ)∗ which is a right L1(Ĝ)-module map, i.e., Ĝ is amenable. Hence, L∞(G) is a
1-injective operator space by [5, Theorem 3.3]. Proposition 2.1 then implies the 1-injectivity of
L∞(G) in L1(G)modL1(G). 
Corollary 5.4. ℓ1(G) is not relatively 1-biflat for any non-unimodular discrete quantum group.
Proof. Since ℓ∞(G) is always a 1-injective operator space for any disrete quantum group G, if ℓ1(G)
were relatively 1-biflat, then by Proposition 2.1, ℓ∞(G) would be 1-injective in ℓ1(G)mod ℓ1(G).
Then by Theorem 5.3 L∞(Ĝ) would be 1-injective in L1(Ĝ)modL1(Ĝ). But then, [12, Theorem
1.1] would entail that Ĝ is a compact Kac algebra, and therefore G is unimodular. 
The relative biprojectivity of L1(G), that is, relative projectivity of L1(G) as an operator bi-
module over itself, has been completely characterized: L1(G) is relatively C-biprojective if and
only if L1(G) is relatively 1-biprojective if and only if G is a compact Kac algebra [2, 20, 12]. The
corresponding characterization for (relative) C-biflatness remains an interesting open question. In
the co-commutative setting, the relative 1-biflatness of A(G) has been studied in [4, 16, 56]. It is
known to be equivalent to the existence of a contractive approximate indicator for the diagonal
subgroup G∆ [16, Theorem 4.1]. The authors in [16] conjecture that it is equivalent to the QSIN
property of G.
We finish this subsection with a generalization of [38, Theorem 4.9] beyond co-amenable quantum
groups, which at the same time characterizes the (non-relative) 1-biprojectivity of L1(G).
Theorem 5.5. Let G be a locally compact quantum group. Then the following conditions are
equivalent:
(i) G is finite–dimensional.
(ii) T⊲ is relatively 1-biprojective;
(iii) L1(G) is 1-biprojective;
Proof. (i)⇒ (ii) follows from [38, Theorem 4.9].
(ii)⇒ (iii) follows similarly to the proof of [14, Theorem 5.14], giving the relative 1-biprojectivity
of L1(G) together with the 1-projectivity of L1(G) as an operator space. The bimodule analogue
of [14, Proposition 2.2] then yields (iii).
(iii)⇒ (i) The 1-biprojectivity of L1(G) ensures the existence of a normal completely bounded
L1(G)-bimodule left inverse Φ : L∞(G)⊗L∞(G)→ L∞(G) to Γ. As usual, the restriction Φ|L∞(G)⊗1 :
L∞(G)→ L∞(G) maps into C, and, moreover, it is a right L1(G)-module map, so G is compact by
normality of Φ. Since compact quantum groups are regular, we may repeat the proof of (iii)⇒ (i)
from [14, Theorem 5.14] to deduce the discreteness of G. Thus, G is finite-dimensional by [38,
Theorem 4.8]. 
6. Operator Amenability of L1cb(G)
For a locally compact quantum groupG, let L1cb(G) denote the closure of L
1(G) insideM lcb(L
1(G)).
Recall that Ĝ is weakly amenable precisely when L1cb(G) has a bounded approximate identity. In
analogy to Ruan’s result – equating amenability of a locally compact group G to operator amenabil-
ity of A(G) – it was suggested in [29] that Acb(G) may be operator amenable exactly when G is
weakly amenable. In [16] the authors gave examples of weakly amenable connected groups (e.g.
G = SL(2,R)) for which Acb(G) is not operator amenable. We now relate weak amenability of
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Ĝ to operator amenability of L1cb(G) for unimodular discrete quantum groups with Kirchberg’s
factorization property in the sense of [7].
Let G be a compact Kac algebra and let ϕ and R denote the Haar trace and unitary antipode
on C(G), as well as their universal extensions to Cu(G). As in [7], we define ∗-homomorphisms
λ, ρ : Cu(G)→ B(L2(G)) by
λ(x)Λϕ(y) = Λϕ(xy), ρ(x)Λϕ(y) = Λϕ(yR(x)), x, y ∈ Cu(G).
Since λ and ρ have commuting ranges, we obtain a canonical representation λ × ρ : Cu(G) ⊗max
Cu(G) → B(L2(G)). The unimodular discrete dual Ĝ is said to have Kirchberg’s factorization
property if λ× ρ factors through Cu(G)⊗min Cu(G). When G = Gs is co-commutative, this notion
coincides with Kirchberg’s factorization property for the underlying discrete group G.
Lemma 6.1. Let A be a C∗-algebra. There exists a complete isometry ι : A∗⊗̂A∗ →֒ (A⊗min A)∗
such that ι(A∗⊗̂A∗‖·‖≤1) is weak* dense in (A⊗min A)∗‖·‖≤1.
Proof. Let πA : A → A∗∗ denote the universal representation of A. Then the universal cover of the
representation πA ⊗ πA : A ⊗min A → A∗∗ ⊗min A∗∗ is a normal surjective ∗-homomorphism π of
(A⊗min A)∗∗ onto
(πA ⊗ πA)(A⊗min A)′′ = πA(A)′′⊗πA(A)′′ = A∗∗⊗A∗∗ = (A∗⊗̂A∗)∗
(see [61, Proposition IV.4.13]). Its pre-adjoint ι := π∗ : A∗⊗̂A∗ →֒ (A ⊗min A)∗ is a complete
isometry.
Now, Let F ∈ (A⊗min A)∗, ‖F‖ ≤ 1. Since πA ⊗ πA : A⊗min A → A∗∗ ⊗min A∗∗ ⊆ A∗∗⊗A∗∗ is
a complete isometry, we may take a norm preserving Hahn–Banach extension F˜ ∈ (A∗∗⊗A∗∗)∗ =
(A∗⊗̂A∗)∗∗ satisfying
〈F˜ , πA ⊗ πA(A)〉 = 〈F,A〉, A ∈ A⊗min A.
By Goldstine’s theorem, there exists a net (fj) in (A∗⊗̂A∗)‖·‖≤1 such that fj → F˜ weak*. Thus,
for all A ∈ A⊗min A,
〈F,A〉 = 〈F˜ , πA ⊗ πA(A)〉 = lim
j
〈fj, πA ⊗ πA(A)〉 = lim
j
〈ι(fj), A〉.

Theorem 6.2. Let Ĝ be a unimodular discrete quantum group with Kirchberg’s factorization
property. Then Ĝ is weakly amenable if and only if L1cb(G) is operator amenable. Moreover,
Λcb(Ĝ) ≤ OA(L1cb(G)) ≤ Λcb(Ĝ)2.
Proof. It is clear that Λcb(Ĝ) ≤ OA(L1cb(G)), as any operator amenable Banach algebra admits a
bounded approximate identity with pertinent control over the norm [54, Proposition 2.3].
Conversely, by Kirchberg’s factorization property the representation λ×ρ factors through Cu(G)⊗min
Cu(G). Composing with ωΛϕ(1), we obtain a state µ := ωΛϕ(1) ◦ λ× ρ ∈ (Cu(G)⊗min Cu(G))∗. By
R-invariance of ϕ, one can easily verify that µ = µ ◦ Σ. Let Γu : Cu(G) → Cu(G) ⊗min Cu(G)
denote the universal co-multiplication. Then, similar to the calculations in [55, Theorem 3.3], for
all u ∈ Irr(G), 1 ≤ i, j ≤ nu,
〈Γ∗u(µ) ⋆ f, uij〉 =
nu∑
k,l=1
〈f, ulj〉〈µ, uik ⊗ ukl〉 =
nu∑
k,l=1
〈f, ulj〉ϕ(uikR(ukl))
=
nu∑
k,l=1
〈f, ulj〉ϕ(uiku∗lk) =
1
nu
nu∑
k=1
〈f, uij〉
= 〈f, uij〉.
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Hence, Γ∗u(µ) ⋆ f = f for all f ∈ L1(G). By [42, Proposition 9.5], R((id ⊗ ϕ)(Γu(x∗)(1 ⊗ y))) =
(id⊗ ϕ)((1 ⊗ x∗)Γu(y)) for all x, y ∈ Cu(G), so that
〈(f ⊗ 1) ⋆ µ, x⊗ y〉 = ϕ((x ⋆ f)R(y)) = (f ⊗ ϕ)(Γu(x)(1⊗R(y)))
= f ◦R(R((id ⊗ ϕ)(Γu(x)(1 ⊗R(y)))))
= f ◦R((id ⊗ ϕ)((1 ⊗ x)Γu(R(y))))
= (f ◦R⊗ ϕ)((1 ⊗ x)Σ ◦R⊗R ◦ Γu(y))
= (ϕ⊗ f)(Γu(y)(R(x) ⊗ 1))
= ϕ((f ⋆ y)R(x))
= 〈µ ⋆ (1⊗ f), x⊗ y〉.
Thus, (f⊗1)⋆µ = µ⋆(1⊗f) for all f ∈ L1(G). Since µ = µ◦Σ, we also have (1⊗f)⋆µ = µ⋆(f⊗1),
for all f ∈ L1(G). It follows that F ⋆ µ = µ ⋆ ΣF for all F ∈ L1(G)⊗̂L1(G), where we let Σ also
denote the flip homomorphism on L1(G)⊗̂L1(G).
The proof of Lemma 6.1 implies the existence of a net (µi) of states in Cu(G)
∗⊗̂Cu(G)∗ such
that µi → µ weak* in (Cu(G) ⊗min Cu(G))∗, and hence in (Cu(G) ⊗max Cu(G))∗ = Cu(G × G)∗.
Since mCu(G)∗ = Γ
∗
u|Cu(G)∗⊗̂Cu(G)∗ , it follows that mCu(G)∗(µi) → Γ∗u(µ) weak* in Cu(G)∗. By [57,
Theorem 4.6] (note that mCu(G)∗(µi),Γ
∗
u(µ) are states), we have
‖mCu(G)∗(µi) ⋆ f − f‖L1(G) = ‖mCu(G)∗(µi) ⋆ f − Γ∗u(µ) ⋆ f‖L1(G) → 0, f ∈ L1(G).
Since µi → µ weak* in Cu(G×G)∗, again by [57, Theorem 4.6] we obtain
‖F ⋆ µi − µi ⋆ ΣF‖L1(G)⊗̂L1(G) → 0, F ∈ L1(G)⊗̂L1(G),
from which we have
‖F ⋆ ((1⊗ f) ⋆ µi − µi ⋆ (f ⊗ 1))‖ = ‖(F ⋆ (1⊗ f)) ⋆ µi − F ⋆ µi ⋆ (f ⊗ 1)‖
≤ ‖(F ⋆ (1⊗ f)) ⋆ µi − (µi ⋆ΣF ) ⋆ (f ⊗ 1)‖ + ‖(µi ⋆ ΣF ) ⋆ (f ⊗ 1)− F ⋆ µi ⋆ (f ⊗ 1)‖
≤ ‖(F ⋆ (1⊗ f)) ⋆ µi − µi ⋆ (Σ(F ⋆ (1⊗ f)))‖+ ‖µi ⋆ΣF − F ⋆ µi‖‖f ⊗ 1‖
→ 0
for every f ∈ L1(G), F ∈ L1(G)⊗̂L1(G). Similarly, ‖((1 ⊗ f) ⋆ µi − µi ⋆ (f ⊗ 1)) ⋆ F‖ → 0.
Now, if Ĝ is weakly amenable, then by [41, Theorem 5.15] there exists an approximate iden-
tity (fj) for L
1(G) in Z(L1(G)) such that supj‖fj‖cb < ∞. The tensor square of the canonical
complete contraction Cu(G)
∗ →M lcb(L1(G)) allows us to view µi ∈M lcb(L1(G))⊗̂M lcb(L1(G)) with
‖µi‖M l
cb
(L1(G))⊗̂M l
cb
(L1(G)) ≤ 1 for all i. By the universal property of the operator space projec-
tive tensor product, we may also view each µi as an element of CB(M lcb(L1(G))⊗̂L1cb(G)) by right
multiplication, as well as in CB(L1cb(G)⊗̂M lcb(L1(G))) by left multiplication. Moreover,
‖µi‖CB(M l
cb
(L1(G))⊗̂L1
cb
(G)), ‖µi‖CB(L1
cb
(G)⊗̂M l
cb
(L1(G))) ≤ ‖µi‖M l
cb
(L1(G))⊗̂M l
cb
(L1(G)) ≤ 1.
Define µij := (1⊗ fj) ⋆ µi ⋆ (fj ⊗ 1). Then µij ∈ L1cb(G)⊗̂L1cb(G) with
‖µij‖L1
cb
(G)⊗̂L1
cb
(G) ≤ ‖fj‖2cb ≤ Λcb(Ĝ)2.
Given f ∈ L1(G), for each j we have
lim
i
f ⋆ µij − µij ⋆ f = lim
i
(f ⊗ fj) ⋆ µi ⋆ (fj ⊗ 1)− (1⊗ fj) ⋆ µi ⋆ (fj ⊗ f)
= lim
i
(f ⊗ f2j ) ⋆ µi − µi ⋆ (f2j ⊗ f)
= 0
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in L1(G)⊗̂L1(G) and therefore in L1cb(G)⊗̂L1cb(G). Furthermore,
lim
j
lim
i
mL1
cb
(G)(µij) ⋆ f = lim
j
lim
i
mL1
cb
(G)((1 ⊗ fj) ⋆ µi ⋆ (fj ⊗ 1)) ⋆ f
= lim
j
lim
i
mL1(G)((1⊗ fj) ⋆ µi ⋆ (fj ⊗ f))
= lim
j
lim
i
mL1(G)(µi ⋆ (f
2
j ⊗ f))
= lim
j
lim
i
mCu(G)∗(µi)mL1(G)(f
2
j ⊗ f)
= lim
j
mL1(G)(f
2
j ⊗ f)
= f,
where the 4th equality follows from the fact that fj ∈ Z(L1(G)). Combining the iterated limit into a
single net as in Proposition 3.11, we obtain a bounded approximate diagonal (µI) in L
1
cb(G)⊗̂L1cb(G)
with ‖µI‖L1
cb
(G)⊗̂L1
cb
(G) ≤ Λcb(Ĝ)2. 
Remark 6.3. There is a corresponding statement for the closure of L1(G) in M rcb(L
1(G)). It is
proved in the exact same way using the fact that f ⋆ Γ∗u(µ) = f for all f ∈ L1(G), which is easily
verified.
Examples 6.4.
(i) It was shown in [29, Theorem 2.7] that Acb(G) is operator amenable for any weakly amenable
discrete group G such that C∗(G) is residually finite-dimensional. There are examples of
weakly amenable residually finite groups (e.g. G = SL(2,Z[
√
2])) for which C∗(G) is not
residually finite-dimensional [6]. Since residually finite groups have Kirchberg’s factorization
property, Theorem 6.2 is new even for this class of discrete groups.
(ii) When Ĝ is an amenable unimodular discrete quantum group, we recover Ruan’s result on
the operator amenability of L1(G) = L1cb(G) [55, Theorem 3.5].
(iii) Using results from [10] and [11], it was shown in [7] that the discrete duals Ô+N and Û
+
N of
the free orthogonal and unitary quantum groups have Kirchberg’s factorization property for
N 6= 3. Since Ô+N and Û+N are always weakly amenable with Cowling–Haagerup constant 1
[31], we have OA(L1cb(O
+
N )) = OA(L
1
cb(U
+
N )) = 1 for all N 6= 3.
(iv) If G1 and G2 are compact quantum groups with Kirchberg’s factorization property and
Λcb(Ĝ1) = Λcb(Ĝ2) = 1, then G = G1 ∗ G2 also has the factorization property [11] and
Λcb(Ĝ) = 1 [32], so OA(L
1
cb(G)) = 1.
Remark 6.5. It would be interesting to find an example of a unimodular discrete quantum group
Ĝ with Kirchberg’s factorization property for which equality of the constants in Theorem 6.2 does
not hold.
7. Decomposability
For a locally compact group G, it is well-known that B(G) =McbA(G) completely isometrically
whenever G is amenable [25, Corollary 1.8]. We now generalize this implication to arbitrary locally
compact quantum groups. Moreover, we show that the corresponding complete isometry is a
weak*-weak* homeomorphism.
By [42, §6], the universal co-representation G = (id⊗ πĜ)(WG) ∈M(Cu(G)⊗min C0(Ĝ)) from
the proof of Proposition 3.10 satisfies
(i) λˆu(f̂) = (id⊗ f̂)(∗G) for all f̂ ∈ L1∗(Ĝ),
(ii) (id⊗ πG) ◦ Γu(x) =∗G(1⊗ πG(x))G for all x ∈ Cu(G),
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where λˆu is the embedding of L
1
∗(Ĝ) into Cu(G), and πG : Cu(G)→ C0(G) is the (unique) extension
of λˆ : L1∗(Ĝ)→ C0(G) [42, Proposition 5.1]. Moreover,
(10) Cu(G) = span{(id ⊗ f̂)(G) : f̂ ∈ L1(Ĝ)}
‖·‖u
.
We will need the following representation of Θl(µ) for µ ∈ Cu(G)∗, which may be found in [19,
Theorem 6.1]. We present the proof for the convenience of the reader.
Lemma 7.1. For µ ∈ Cu(G)∗,
Θl(µ)(x) = (µ ⊗ id)∗G(1⊗ x)G, x ∈ L∞(G).
Proof. First let x = λˆ(fˆ) ∈ C0(G) for some fˆ ∈ L1∗(Ĝ). Then, for all f ∈ L1(G),
〈Θl(µ)(x), f〉 = 〈x,mlµ(f)〉 = 〈λˆ(fˆ), µ ⋆ f〉
= 〈πG ◦ λˆu(fˆ), µ ⋆ f〉 = 〈λˆu(fˆ), µ ⋆u π∗G(f)〉
= 〈Γu(λˆu(fˆ)), µ ⊗ π∗G(f)〉 = 〈(id ⊗ πG)(Γu(λˆu(fˆ))), µ ⊗ f〉
= 〈∗G(1⊗ πG(λˆu(fˆ)))G, µ⊗ f〉 = 〈∗G(1⊗ x)G, µ⊗ f〉
= 〈(µ ⊗ id)∗G(1⊗ x)G, f〉.
As λˆ(L1∗(Ĝ)) is norm dense in C0(G), and since C0(G) is weak* dense in L
∞(G), the result follows.

Recall that λ˜ : Cu(G)
∗ → M lcb(L1(G)) is the map taking µ ∈ Cu(G)∗ to the operator of left
multiplication by µ on L1(G).
Theorem 7.2. Let G be a locally compact quantum group. If Ĝ is amenable then λ˜ : Cu(G)
∗ →
M lcb(L
1(G)) is a weak*–weak* homeomorphic completely isometric isomorphism.
Proof. Amenability of Ĝ entails the surjectivity of λ˜ from (the left version of) [14, Proposition
5.10]. For simplicity, throughout the proof we denote by Θl(µ) the map Θl(λ˜(µ)) for µ ∈ Cu(G)∗.
In [19, Theorem 5.2] Daws shows that Θl : Cu(G)
∗
+ → L1(G)CPσ(L∞(G)) is an order bijection.
We show that it is a complete order bijection. To this end, let [µij ] ∈ Mn(Cu(G)∗)+. By Lemma
7.1
Θl(µij)(x) = (id⊗ µij)∗G(1⊗ x)G, x ∈ L∞(G).
Thus, for any x1, .., xm ∈ L∞(G) we have
((Θl)n([µij ]))
m([x∗kxl]) = [(µij ⊗ id)∗G(1⊗ x∗kxl)G]
= [(µij ⊗ id)]m([∗G(1⊗ x∗kxl)G]) ≥ 0.
It follows that (Θl)n([µij ]) ∈ CP(L∞(G),Mn(L∞(G))).
On the other hand, suppose [µij] ∈Mn(Cu(G)∗) such that
(Θl)n([µij ]) ∈ CP(L∞(G),Mn(L∞(G))).
Let P̂ denote the positive operator implementing the scaling group τˆ on Ĝ, via τˆt(xˆ) = P̂
itxˆP̂−it,
xˆ ∈ L∞(Ĝ). Using [20, Proposition 6.1], for ξ1, ...ξm ∈ D(P̂ 1/2), η1, ..., ηm ∈ D(P̂−1/2), and
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[zik] ∈ Cnm,
〈[µij ]m([λu(ωξk,ηk)∗λu(ωξl,ηl)])[zik], [zik]〉 =
n∑
i,j=1
m∑
k,l=1
zikzjl〈µij , λu(ωξk ,ηk)∗λu(ωξl,ηl)〉
=
n∑
i,j=1
m∑
k,l=1
zikzjl〈µ∗ij , λu(ωξl,ηl)λu(ωξk,ηk)∗〉
=
n∑
i,j=1
m∑
k,l=1
zikzjl〈Θl(µij)(ξlξ∗k)ηk, ηl〉
=
m∑
k,l=1
〈[Θl(µij)(ξlξ∗k)]yk, yl〉 ≥ 0,
where yk = [z1kηk · · · znkηk]T ∈ L2(G)n for 1 ≤ k ≤ m. By density of {ωξ,η | ξ ∈ D(P̂ 1/2), η ∈
D(P̂−1/2)} in L1∗(Ĝ) [21, Lemma 3], it follows that [µij] ∈Mn(Cu(G)∗)+.
We now show that λ˜ is a complete isometry. To do so we introduce a decomposability norm on
L1(G)CBσ(L∞(G)), given by
‖Φ‖L1dec := inf
{
max{‖Ψ1‖cb, ‖Ψ2‖cb} |
[
Ψ1 Φ
Φ∗ Ψ2
]
≥cp 0
}
,
where Ψi ∈ L1(G)CPσ(L∞(G)). It is evident that ‖·‖L1dec is a norm on L1(G)CBσ(L∞(G)). That
‖Φ‖cb ≤ ‖Φ‖L1dec for all Φ ∈ L1(G)CBσ(L∞(G)) follows verbatim from the first part of [28, Lemma
5.4.3]. In a similar fashion we obtain a decomposable norm on
Mn(L1(G)CBσ(L∞(G)) = L1(G)CBσ(L∞(G),Mn(L∞(G))).
Since Θl is a completely positive contraction from (Cu(G)
∗)+ onto L1(G)CPσ(L∞(G)), one easily
sees that
‖(Θl)n([µij ])‖L1dec ≤ ‖[µij ]‖dec, [µij ] ∈Mn(Cu(G)∗),
where ‖·‖dec is the standard decomposable norm for maps between C∗-algebras.
Conversely, if ‖(Θl)n([µij ])‖dec < 1 then there exist
Ψ1,Ψ2 ∈ L1(G)CPσ(L∞(G),Mn(L∞(G)))
such that ‖Ψ1‖cb, ‖Ψ2‖cb < 1, and[
Ψ1 (Θ
l)n([µij])
(Θl)n([µij ])
∗ Ψ2
]
≥cp 0.
Since (Θl)n is a complete order bijection there exist [νkij ] ∈ Mn(Cu(G)∗)+ = CP(Cu(G),Mn) such
that Ψk = (Θ
l)n([νkij ]), k = 1, 2, and [
[ν1ij] [µij ]
[µij]
∗ [ν2ij ]
]
≥cp 0.
It follows that [νkij ] is a strictly continuous completely positive map Cu(G) → Mn, and therefore
admits a unique extension to a completely positive map [˜νkij ] : M(Cu(G)) → Mn which is strictly
continuous on the unit ball [45, Corollary 5.7]. By uniqueness, [˜νkij ] = [ν˜
k
ij], where ν˜
k
ij is the unique
strict extension of the functional νkij. Thus, by completely positivity
‖[νkij ]‖cb = ‖[˜νkij ](1M(Cu(G)))‖ = ‖[ν˜kij(1M(Cu(G)))]‖ = ‖Ψk(1)‖ = ‖Ψk‖cb < 1,
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so that ‖[µij ]‖dec < 1. Therefore
‖(Θl)n([µij ])‖L1dec = ‖[µij ]‖dec.
However, ‖[µij ]‖dec = ‖[µij ]‖cb by injectivity of Mn (see [28, Lemma 5.4.3]), so that
‖(Θl)n([µij ])‖L1dec = ‖[µij ]‖cb, , [µij] ∈Mn(Cu(G)∗).
Now, amenability of Ĝ entails the the 1-injectivity of L∞(G) in L1(G)mod by the left version of
[14, Theorem 5.1]. The matricial analogues of the proofs of [14, Proposition 5.5, Lemma 5.7] show
that
‖(Θl)n([µij ])‖cb = ‖(Θl)n([µij ])‖L1dec = ‖[µij ]‖cb.
Hence, Θl : Cu(G)
∗ → L1(G)CBσ(L∞(G)) is a completely isometric isomorphism. To prove that
Θl is a weak*-weak* homeomorphism, it suffices to show that it is weak* continuous on bounded
sets. Let (µi) be a bounded net in Cu(G)
∗ converging weak* to µ. Since Cu(G)
∗ is a dual Banach
algebra [18, Lemma 8.2], multiplication is separately weak* continuous. Hence, for fˆ ∈ L1(Ĝ) and
f ∈ L1(G),
〈Θl(µi)(λˆ(fˆ)), f〉 = 〈λˆu(fˆ), µi ⋆u π∗G(f)〉 → 〈λˆu(fˆ), µ ⋆u π∗G(f)〉 = 〈Θl(µi)(λˆ(fˆ)), f〉.
The density of λˆ(L1(Ĝ)) in C0(G) and boundedness of Θ
l(µi) in L1(G)CB(C0(G), L∞(G)) = (Qlcb(G))∗
(see [14, Proposition 5.8]) establish the claim. 
Remark 7.3. We note that the conclusion of Theorem 7.2 was obtained under the a priori stronger
assumption that G is co-amenable [35, Theorem 4.2].
Corollary 7.4. Let G be a locally compact quantum group such that Ĝ has the approximation
property. Then G is co-amenable if and only if Ĝ is amenable.
Proof. Assuming Ĝ has the AP, there exists a stable approximate identity (fi) for L
1(G). Moreover,
as noted in the proof of Proposition 4.7, L∞(G) has the w*OAP, and therefore the dual slice map
property (see [28, Theorem 11.2.5]). Any operator space is a complete quotient of the space of
trace class operators for some Hilbert space [8, Corollary 3.2], so let H be a Hilbert space such that
T (H)։ C0(G). Then L1(G)⊗̂T (H)։ L1(G)⊗̂C0(G) by projectivity of ⊗̂, and L∞(G)⊗M(G) →֒
L∞(G)⊗B(H) is a weak*-weak* continuous complete isometry. Hence,
Θl(fi)⊗ idM(G)(X)→ X,
weak* for all X ∈ L∞(G)⊗M(G), so that
Θl(fi)∗ ⊗ idC0(G)(A)→ A
weakly for all A ∈ L1(G)⊗̂C0(G). By the standard convexity argument, we may assume that the
net (fi) satisfies
‖Θl(fi)∗ ⊗ idC0(G)(A)−A‖ → 0, A ∈ L1(G)⊗̂C0(G).
Consider the multiplication mapm : L1(G)⊗̂C0(G)→ C0(G). Let m˜ : L1(G)⊗̂L1(G)C0(G)→ C0(G)
denote the induced map and q : L1(G)⊗̂C0(G)։ L1(G)⊗̂L1(G)C0(G) denote the quotient map. It
follows that q(f ⋆ A) = q(f ⊗m(A)) for all f ∈ L1(G) and A ∈ L1(G)⊗̂C0(G). Thus, if m(A) = 0,
then
q(A) = lim
i
q(fi ⋆ A) = lim
i
q(fi ⊗m(A)) = 0,
so that the induced multiplication m˜ is injective.
Now, assuming Ĝ is amenable, Theorem 7.2 implies that Cu(G)
∗ ∼= L1(G)CB(C0(G), L∞(G))
completely isometrically and weak*-weak* homeomorphically, that is, Cu(G) ∼= L1(G)⊗̂L1(G)C0(G)
completely isometrically. By the left version of [14, Theorem 5.1] L1(G) is 1-flat in modL1(G).
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Thus, the following sequence is 1-exact
0→ L1(G)⊗̂L1(G)Ker(πG) →֒ L1(G)⊗̂L1(G)Cu(G)։ L1(G)⊗̂L1(G)C0(G)→ 0.
Since f ⋆ x = (id⊗ f ◦ πG) ◦ Γu(x) = (id⊗ f)∗G(1⊗ πG(x))G = 0 for all x ∈ Ker(πG), it follows
that L1(G)⊗̂L1(G)Ker(πG) = 0. Hence, L1(G)⊗̂L1(G)Cu(G) ∼= L1(G)⊗̂L1(G)C0(G). Moreover, as
Θl(µ ⋆ f)(x) = Θl(f)(Θl(µ)(x)) = (Θl(µ)(x)) ⋆ f, f ∈ L1(G), µ ∈ Cu(G)∗, x ∈ C0(G),
it follows that Cu(G) ∼= L1(G)⊗̂L1(G)C0(G) is an isomorphism of left L1(G)-modules, i.e., Cu(G) is
induced. The commutative diagram
L1(G)⊗̂L1(G)Cu(G) L1(G)⊗̂L1(G)C0(G)
Cu(G) C0(G)
m˜
then implies that m˜ is a complete quotient map. Thus, C0(G) is an induced L
1(G)-module and
M(G) ∼= (L1(G)⊗̂L1(G)C0(G))∗ = L1(G)CB(C0(G), L∞(G)).
The measure corresponding to the inclusion C0(G) →֒ L∞(G) is necessarily a left unit for M(G),
which entails the co-amenability of G.

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